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Page 70, 2nd line : for "increasing" read "decreasing"”
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Page 89, 3rd line : add: "Suppose the precedence constraints

can be renresented by an inverted tree."
Page 118,
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rienced mathematicians. The former category will perhaps
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report that will appear in due course. Still, I feel the
ent mixed approach is fairly well suited to a problem that
such obvious real-life implications. I hope that any reader
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Introduction

report aims to give a review of what has become known as
nachine scheduling problem. This name covers a large class
arious combinatorial and stochastic problems, all centered
1d the crucial question of the optimal sequence. We may as
state right at the beginning that we will deal exclusively
non-stochastic situations; this eliminates all theory on
3s, waiting-lines etc. etc.. However, even within this

ler class, there is variation enough. This by itself leads
1e of the major problems of scheduling research: there are
any sides to the problem, so many variations of it and so
ways to attack it, that the existing theory consists mostly
great number of individual contributions lacking any
rdependence or coherence. There simply is not a general

ry where all these contributions could be fitted into.

rst step in the right direction, however, might be made by
ing some insight in what has been done so far, in order to
over gaps, common traits and overlaps. This report is meant

> a modest contribution towards that goal.

ner aspect of the lack of a common language and theory

ne confusing vocabulary and notation, found in scheduling
rature. We shall give many definitions and notations in
ter 2. However, we point out straight away that we shall
ly use the words "scheduling" and "sequencing" to designate
same activity whereby the processing order of a number of
by a number of machines is determined. Sometimes a
erence is made between the two in that sequencing is

osed to give only the ordering itself, while scheduling
icitly gives starting times and completion times of all
ine operations (i.e. Ashour [ 2 ], Elmaghraby [29 ]).
ssume, however, that once the processing order has been
rmined, the jobs will be finished in as short a time as
ible, and therefore we do not need to distinguish between

two concepts.




Jur interest in scheduling problems is mainly theoretical,

thich does not imply, of course, that we do not look for
:fficient ways to solve them - all combinatorial problems,

>eing finite, are theoretically solvable by complete enumeration!
’his means one has to judge the quality of algorithms not (only)
)Y looking at their mathematical beauty and elegance, but by
.ooking at their computational performance. Although much
)bviously depends on the individual programmer and the computer
1sed, we will try to give an impression of the results wherever
:his seems appropriate.

'his report is organized along the following lines. In chapter 2
re formulate the problem, give notations and definitions of
)asic concepts and examine the many restrictions that are
isually implicitly assumed in literature. Next, in chapter 3,

'e examine all known methods that have been used so far to

*)

iolve the machine scheduling problem The reader of this
‘hapter will notice that some methods (e.g. algebraic methods,
nteger programming methods) are dealt with in far greater
letail than other ones (e.g. branch-and-bound methods,
'ombinatorial methods). This is due to the fact that in the
‘'0llowing chapters we do not refer any more to the former ones,
'hile the latter ones are used so frequently that examples of

heir application can be found throughout the whole report.

n chapter 4 we deal with a few special cases where either the
umber of machines or the number of jobs is small, and an
nteresting theory has been developed. We do not avoid giving

roofs, but do not give unduly lengthy or complex ones.

) The only known method that we do not treat, is the general
non-linear programming approach, advocated by Fisher
(Lagrangian multipliers, [ 31 ]) and Nepomiastchy (penalty
functions, [ 78 ]). It is too early to judge the usefulness
of their approach.




.ly, they are not especially instructive and constitute
y of checking if the proposed theorem holds true under
sonceivable circumstances. The main purpose that could be
:d by publication of all these proofs, is to impress once
upon the reader the inadequacy of present combinatorial-

rtical techniques for all but the simplest structured

.ems.

-er 5 then deals with the general problems; the best we
ljo here is to present a few elimination methods and a few
-ical methods whereby an optimum might be found within a
>nable time.

, finally, in chapter 6 we take a look at the economic
isticness of the scheduling problem and suggest a few

ible future developments.

inish by giving a fairly large bibliography. Though it is
somplete (as no bibliography ever is), we hope to have

1ded all literature that is relevant at this moment.




Formulation, definitions and criteria

1. Problem formulation

1e general formulation of the machine scheduling problem that

: shall use here, is:

3iven n jobs that have to pass through m machines in a
rescribed order under certain restrictive assumptions, what
3 then according to some criterium the optimal order in which

ich machine handles the jobs?"

: shall have to say more about the implications of this
rmulation in chapter 6. However, it should be clear that the
'oblem was inspired by a typical real-life situation as it
tists for instance in so-called job shops. There indeed each
Istomer'’s order must be routed through the necessary machinery;
tterials, tools and labour must be allocated, processing and
it-up times have to be estimated and a so-called due date is
reed upon by which the job(s) should be finished. Obviously
le management of such an organisation is a complicated task,
ipecially where so many different and related decisions have

) be made continuously. The sequencing decision itself is
‘eceded by planning activity and followed by control activity,
v th of them involving economic and technological judgments

lat strongly influence the sequencing decision itself.

ie same complexity is characteristic of many other real-life
tuations where "machine scheduling problems" arise, albeit

. a different context: the scheduling of classes to classrooms,
.asses to professors, hospital patients to test equipment, jobs
» computers, cities to salesmen, dinners to cooks, homework to
pils etc. etc.. As to the effects of a good scheduling decision
:1lor [ 66 ] quotes a list of no less than 27 goals that can be
tained by good scheduling, with among them items as diverse

day-to-day stability of work force and anticipation of price
.anges.




. from this kind of complexity, many "local" circumstances,
.cular to a real-life situation, and perhaps cropping up

: a number of jobs is already on its way, might cause a

fe in previously made decisions: a machine has broken down,
‘hine operator has become ill, an important client has

sd an order which should get priority, a due date is being

jed, etc. etc..

»usly no theoretical analysis can take all these factors
account. The machine scheduling problem does not deal at
7ith questions of "what to produce?" and "how to produce?",
»nly with situations where decisions on these aspects have
previously made and will not be subject to change any more.
economic reality justify this simplification? Is it ever

ly possible to separate the sequencing decision in this

se from other decisions? Pounds [80 ] reports that management
‘ten not even aware that a sequencing problem exists; there
;5o many decisions to be made that the simple order in which
machine handles the jobs is not perceived as an influencable

relevant variable any more!

L, the abstraction involved in the machine scheduling

lem-formulation, can be defended in various ways; Elmaghraby
points out that sequencing decisions are likely to get

and more important as the computer takes over many routine

sions and as improved operations research techniques perfect

r ones. Remembering also that it is only through study of

>nents of a system, that we can gain understanding of the

>, it is not surprising to find that the abstract machine

juling problem crops up in management science literature as

/ as the 1920's. The well-known concept of the Gantt chart,

> no substitute for decision-making itself, at least presents

lable information about jobs and machines in a clear way and

>ne of the great innovations of the scientific management




’he modern development of scheduling theory, however, where one
:ries to find an optimal sequence according to a well-defined
>riterium, has its starting point as late as 1954, when
fohnson's classical paper on the two machine flow-shop [54 ]

ras published. Since then many different operations research
:echniques, most of which are mentioned in chapter 3, have been
:ried out on this problem with various degrees of success.

Juite early the distinction between a deterministic and a
itochastic approach to the scheduling problem was made; as was
lentioned in chapter 1 we shall deal exclusively with the

‘ormer situation.

n this second chapter we introduce the various notations to

e used throughout this report. More specifically we pay
ittention (in 2.2.) to the rather heavy restrictions, that are
Isually assumed in existing literature, and to the various
'riteria whereby one can judge the qualities of a schedule (see
.3.). First of all, however, we give basic definitions and
otations, and a classification of scheduling situations.

n all this we adapt ourselves mainly to the conventions of
onway, Maxwell and Muller [24 ] and of Said Ashour [ 2 ].

et us first talk, then, of jobs, machines and operations.

. job (task, commodity, production lot, job lot) is obviously
- product, produced by certain machines. There are n jobs to

e considered*); they are designated by J eee, J_ Or by job 1,

1’ n

ob 2, ..., job n.

machine (processor, resource, facility) is capable of
erforming one specific production process. There are m machines,

esignated M Mm or machine 1, ..., machine m.

17 e

) In general, we use capitals for solution-dependent variables
and lower cast for initially given ones. The only exception

is the use of capitals for Jl’ ceey Jn and for Ml’ ce ey Mm‘




A job Jk
>peration to be performed by Ml on Jk and designated as (Jk’MZ)
>r simply as (k,%). The set of all operations is the Cartesian
product? Xq/‘[where7= {Jl, ooy Jn} and/y= {Ml, ceos Mm}.

ns are the basic elements in the machine scheduling

and a machine M2 together uniquely determine an

Jperati
oroblem. With each operation (k,%) is associated a real number
WY the processing time, indicating the amount of time it will
take machine % to complete work on job k, and including set-up
time only in so far as these times are independent of the
particular order in which machine 2 handles the jobs. If Prg = 0,

this indicates that job k needs not to be attended to by machine
Now an essential characteristic of the machine scheduling problem
is that the order in which the jobs pass the machines is strictly

prescribed by, say, technological considerations. That is to say:

each subset
{3 M)y ey (3,M)] (k =1, ..., n)

is strictly ordered by an ordering relation <<:

(Jk’Ml ) << (Jk’Ml ) << ... <K< (Jk’Ml )
1 2 m
where (il' .oy im) is some given permitation of (1, ..., m).
We say in the above case that (Jk,Mi ) directly precedes
1
(Jk,MiZ), etc., and we say that (Jk'Mip) precedes (Jk,Miq)
whenever there is a chain of directly-precedes relations between
them:
(T, My ) < (T M) @ (T My ) << een << (T My ).
P q P q

We can present the information about the route through the
machines that each job k has to follow, in several ways. One

possibility is combining all operations into an m X n matrix




talled the job sequencing matrix S (Ashour [ 2 }). For instance,
suppose one has 3 jobs on 2 machines whereby job 1 has to pass
:hrough M, and M, (in that order), job 2 through M2 and M, and
job 3 through M1 and M2, then S would look like this:

(3,,M)) (T, M)
S = (JZ rM2) (J2 IMl)
(J3’Ml) (J3,M2)

)r just simply:

(1,1) (1,2)
S = (212) (211)
(3,1) (3,2)

'he rows of S convey all information on the routes of job 1,
» and 3.

mnother, very convenient way to present this information is

n the form of a graph; usually two dummy operations are added
.0 mark beginning and end of the whole process. Each node
‘epresents an operation, and a directed arc connects two nodes
.f the corresponding operations have a "directly-precedes"
‘elationship, the direction of the arc corresponding to the
irection of the job route. Furthermore, all operations
erformed on the same machine, i.e. the set

(Jl'Mz)' ;.., (Jn’Ml)}’ are usually connected by double
irected arcs, whose significance will become apparent later on.
hese arcs are called disjunctive arcs and a graph of this type
s usually called a disjunctive graph (Roy [86 ]1).

n our example the graph would look like this:




'ill return to disjunctive graphs in 5.4..

there are several significantly different types of machine
.ring per job. The simplest situation seems to exist when

. job passes the machines in the same order (which we can,
out loss of generality, assume to be (1, ..., m)). In this
lation we speak of a flow shop; we designate it by the

.er F.

. flow shop each job passes the machines in the same

'r, but that does not imply that each machine also handles
jobs in the same order. In fact, it is very likely that

;ome optimal sequence one job will "overtake" the other on

» machine. If in a flow shop this "passing" is not permitted,
\ave a significantly easier problem; we designate this

1ation by the letter P.

it least two jobs pass the machines in a different order
in our previous example), we are in the most general
lation. We then speak of a (general) job shop and use the
:er G. In a job shop, each job has its particular route

»ugh the machines and these routes may all be different.




e have now laid the basis for a classification of machine

cheduling problems, adapted from the one given by Conway,

axwell and Miller [ 24 ]. The classification looks like this:
A|B|C1,C2,...|D|E
here:
A = number of jobs (n in the general case);
B = number of machines (m in the general case);
Cl = type of machine ordering ver job (F, P or G);
C2 = any other relevant characteristics of the scheduling

situation; for this, see the next paragraph (2.2.);

w)
Il

the optimality criterium (for this, see 2.3.);
= the particular solution method employed (for this,
see chapter 3).

may be not present and is in fact mainly introduced here for

se in the bibliography.

1e example we have considered previously, would be classified

s: 3|2|G|D, where D is the optimality criterium.

1r discussion so far permits a clearer formulation of the
cheduling problem. The order of the jobs through the machines
2ing given by technological requirements, the scheduling

coblem boils down to finding an ordering of the jobs on each
achine, which is compatible with the technological requirements
1d which leads to an optimal schedule according t6 one of the
citeria in 2.3..

1@ requirement of compatibility is indeed non-trivial. For
lppose, in our previous example, we propose the solution that
)b 2 precedes job 1 on machine 1 and job 1 precedes job 2 on

ichine 2. We then have a contradiction:
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(J2,M2) << (T, M) (technological requirement)
(J2,M1) << (J,.M)) (from above)
(J, M) << (7, /M) (technological requirement)
(Jl’Mz) << (J2,M2) (from above)

ying

hat (J2,M2) would precede itself!

onclude that we shall have to find efficient ways to
inate these so-called infeasible sequences, and note in
ing that above-mentioned incompatibility corresponds to
cle in the disjunctive graph, where disjunctive arcs have
changed to normal directed ones in accordance with the

osed solution.

re we take a look at the many ways in which a sequence
t be optimal, we look at the severe underlying restrictions
 have so far almost universally been assumed in scheduling

rature.

Restrictive assumptions

lost of the existing literature on the machine scheduling
lem, many restrictions are assumed to be valid. This, of
‘se, increases the artificiality of the problem formulation
) no unsignificant degree. As we shall deal with criticism
‘hese aspects of the formulation in a later chapter (L.e.
ster 6), we only repeat here the well-known defenses of the
je degree of abstraction involved: namely, that this is
roidable, and not essential, that it makes the problem more

:ral and that it may well be relaxed in a more advanced state
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»f knowledge. Certainly it cannot be denied that even the
1ighly stylized version of the scheduling problem is difficult
mough to solve and that degree of applicability is not the
mly criterium by which to judge the value of mathematical
nalysis. Also the phenomenon of a developing branch of
lathematics, being able to deal with more and more complicated
ituations, is well known from the past. However, the fact that
o very few real life applications of scheduling theory are
nown, and the fact that, of the known applications, most employ
euristic (i.e. purposely suboptimal) methods ought to*) worry
lathematicious engaged in scheduling research, and merits the
loser look that we shall take at this problem later on.

any of the restrictions mentioned hereunder are automatically
ssumed in all existing literature; however, some articles
istinguish themselves by dropping a few of them. The notation,
ntroduced in 2.1., does permit an indication of this.

hereby we extend the notation of Conway, Maxwell and Miller [ 24].
e shall mention any restriction that is not assumed, designating
t by its classification from the list below. A few examples

f the extended notation will be given at the end of 2.2. and
.1.. '

s to the list of all restrictive assumptions, there is an

nteresting duality between jobs and machines that we have tried
O stress by the order of the items.

(J1) The set;7 of jobs is known and fixed.
(M1) The setaﬁ(of machines is known and fixed.

(J2) All jobs are available at the same time (zero).

) We realize that this is a subjective judgment.




13

(M2) All machines are available at the same time (zero) .

(J3) All jobs remain available during an unlimited

period (i.e. no due-dates).

(M3) All machines remain available during an unlimited

period (no labour-shortage, no break-down).

(J4) Each job is in one of three states: waiting for
the next machine, being operated by a machine or

having passed its last machine.

(M4) Each machine is in one of three states: waiting
for the next job, operating on a job or having

finished its last job.
(J5) All jobs are different.

(M5) All machines are different.

(J6) All jobs are equally important.

il

(M6) All machines are equally important*).
|

0 the interaction of jobs and machines, it is usually
med that: '

(J7) Each job passes all the machines assigned to it.

(M7) Each machine processes all the jobs assigned to it.

(J8) Each job is processed by one machine at a time

(i.e. no lap-phasing, no assembly).

(M8) Each machine processes one job at a time.

I.e., no one can be missed or replaced by another one.




(JM1) All processing times are known and fixed (i.e.
sequence independent).

(JM2) Each operation once started must be completed
without interruption (no pre-emption, no job-
splitting).

'he asymmetry between jobs and machines is then due to:

(JM3) The processing order of each job by all machines
is known and fixed.

(JM4) The processing order by each machine of all jobs

is unknown and has to be fixed.
lany of these assumptions have been mentioned previously.

bviously some of the assumptions have further reaching
heoretical consequences than others. Simple assumptions like

J2) and (M2) can usually be dropped pretty easily. But
ssumptions like (J1) and (M1l) are fundamental to a large part

f scheduling theory: they distinguish the static (deterministic)
roblem approach from the dynamic (stochastic) one. As we shall
eal exclusively with the,former problem, these assumptions will
ot be dropped anywhere in. this report. A good introduction to
he entirely different theory of the dynamic case can be found

n Conway, Maxwell and Miller [24 ], chapter 7 - 10.

t remains now to give a few examples of the extended notation.

(1) A problem whereby n jobs are to be scheduled on
one machine with sequence dependant set-up costs
(assumption (JM1) is therefore not valid) will
be designated as n|1l]|(JM1)|D where D indicates
some optimality criterium, e.g. minimum total

set-up costs.
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(ii) A n-job, m-machine job shop problem, where job-
splitting is allowed (see assumption (JM2)), will
be designated as n|m|G, (JM2) |D, where D again is
some optimality criterium.

>w turn to an investigation of optimality criteria.

Optimality criteria

discussing optimality criteria, it is useful to classify
in a certain way. Although our theoretical interpretation
he scheduling problem is very restricted, so that we cannot
oduce any criteria that suggest the interdependence of the
duling decision and other ones regarding the production
ess, there still is a surprising variety of criteria to

se from. There are many ways to classify them.

an distinguish between job-based criteria and machine- or
-based criteria; we can distinguish between criteria based
ompletion-times and criteria based on due-dates (Gere [36 1)
etween criteria based on individual jobs and criteria based
he complete sequence (Elmaghraby [29 1); we can also

sify criteria according to whether they are time-based or
-based, weighted or not-weighted (weights being attached
ach job according to its importance, which implies dropping

mption (J6)) and single or multiple (Ashour [ 2 1).

of these classifications is entirely satisfactory. However,

reasons of clarity, we have split the criteria up in five

ps:

(1) criteria based on completion-dates and flow-times;
(2) criteria based on due-dates;

(3) criteria based on inventory cost and the concept of

utilization;
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(4) criteria based on change-over times;

(5) multiple criteria.

We shall have more to say about the realisticness of these
criteria in chapter 6. However, for the present this will

suffice.

2.3.1. Criteria based on flow-times and completion-dates

We first define the relevant concepts. As usual we have n jobs
Tyr eeey X
{(J3,_,M,)} with processing times p, .

k'8 k2

Jn’ m machines M o s ey Mm’ and n m operations

Now, let:

ry gii release date of Jk (the earliest date that
processing could start, which is equal to zero if assumption

(J2) is not dropped) ;

def s . .
sz —— waiting time of Jk before Mz,

“QI
O
Hh
[l =

W Wy o (total waiting time for Jk);

=1

Q
H

e Pry (total processing time of Jk);

R

p
k 3

Ck iii completion-date of J

operation is finished);

1

K (the date on which the last

F iii flow-time of J, (the time J

k k spends in the shop).

k

T'here are a few elementary relations between these concepts:

Ck = r + Wk + Py (1)
Fk = Wk + Py (2)
C, = + F (3)

k - Tk k
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an now define a number of frequently used criteria, based

hese definitions:

(1) minimize the maximum completion-date Cm g = max {Ck};

a k
(2) minimize the maximum flow-time Fmax = m;x {Fk}

s criterium is by far the most frequently used one);

(3) minimize the maximum waiting-time Wmax = mix {Wk};
(4) minimize the average completion-date C = % L Ck;
(5) minimize the average flow-time F = % L Fys
(6) minimize the average waiting-time W = % LW .

(4), (5) and (6) are really special cases of:

(7) minimize the weighted sum of completion-dates

:k’ where Oy indicates the relative importance of Jk (dropping
mption (J6));

(8) minimize the weighted sum of flow-times Zaka;
(9) minimize the weighted sum of waiting-times Zakwk.
sver, we have from (2) and (3):

Eaka Zaka + Zakpk

Zuka = Zakrk + Zaka

Zakpk and Zakrk being sequence-independent constants, (7),

and (9) are equivalent criteria, as are (4), (5) and (6).




lowever, the C and F criterium need no
owever, € “max max t

inless of course r, = 0 for all k, in which ca

\1so, the Fmax—criterium does not need to be €

‘~criterium.

'xample: suppose we have a 2|3|G|FmaX problem
_ (1,1) (1,2) (1,3)
5= (2,1) (2,3) (2,2)
ind processing times Pyt
Py = 3 Pyjp =1 Py3 = 2
Pyy T 2 Pyp = 1 Py3 = 2

IJsing the well-known concept of a Gantt-chart

sjequences, we find two optimal sequences where

2 1
ST e :
1 2
M, | I
2 1
M3 : L1 i i
ind
2 1
M, — 1
2 1
My o} B |
2 1
M i 1 1 L

w
L

lentical,
: = Fk.

tllent to th

matrix S:

ipict possi
= 8:

r
S




ver, in the first sequence F = %(8+7) =
nd one F = %(8+5) B 6%.

valent properties of many optimality cri
ept of a regular measure (Conway, Maxwel
is a function of the completion-dates ¢

onotone in each variable:

¢(Cl, oo Cn) 2 ¢(Ci,
k.

! Fmax' Wmax' Cr

oo ey Cﬂ) *® Ck

1Cx 7 Zaka and

lar measures.

1lly we shall assume that re = 0 for all
. assumption (J2), and that therefore Fk
| this convention will be clear from the

2. Criteria based on due-dates

rop assumption (J3) and assume due-dates

each job J, . We can now define:

k
Ly def C, - 4 (the lateness of J,)
Tk gii max (O,Lk) (the tardiness of J
Ek gii max (0,—Lk) (the earliness of

» we have the elementary relation.

19
d for the
led to the
. Miller [24 1).
ooy Cn) that
for at least

are all

. accordance
Any departure
'Xt .

lave been set




gain, we can define a number of optimality criteria:

(10) minimize Lmax = mix {Lk};
(11) minimize Tmax = m;x {Tk};
(12) maximize Emax = mix {Ek};
T | .
(13) minimize L = - z Lk'
=1 .
(14) minimize T = - z Tk’
(15) maximize E = Lsg,
n k'

(16) minimize Zo, L
(17) minimize Za, T
(18) maximize Zo, E

>w (13), (14) and (15) are again special cases of (16), (17)
1d (18) respectively.

irthermore, we find by definition:

Yo, L, = Zo,C

kP kCk ~ I%d

k 14

) that, Zak

[uivalent to (4), (5) and (6) and (16) is equivalent to (7),
}) and (9).

dk being a sequence-independent constant, (13) is

» such easy formulas exist for tardiness and earliness.

111, especially the former is a very realistic criterium;
‘ten the only concern of management is to finish a job on time
* failing that, as soon as possible after the due-date. There
i no extra premium in that situation on being finished well
.ead of the due-date.
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3. Criteria based on_inventory cost_and utilization
lay judge the quality of a schedule by looking more closely
‘hat happens in the shop during the whole production process.

rtant measures to be considered are then:

Nf(t) Sii number of jobs finished at time t;
Nw(t) iii number of jobs waiting to be processed at time
def . .
Np(t) —— number of jobs actually being processed at
R o
Af(t) gii work finished, i.e. sum of the processing times

111 operations finished at time t;
def C . .
Aw(t) —— work remaining, i.e. sum of the processing
3s of all operations that still have to be performed at
>ty '
def . . .
Ap(t) ——- work in progress, i.e. sum of the processing
3s of all operations performed at time t.

jefinition:

Il
o}

Ne(v) + Nw(t) + Np(t)

L Pyy,

Af(t) + Aw(t) + Ap(t) g

, if we consider all averages to be taken over the period
Fmax)’ we see that:

(1) ﬁp + ﬁw gives an indication of average in-process
antory costs:

(2) Nf gives an indication of average inventory costs

finished products;




(3) Kp should be high, and depends heavily
n the average length of Py

y looking at the illustration below, where the jobs are
tarted and finished in order (1, ..., n), we see directly

hat in this case the following relation holds:

Np + Nw = (Fl + ... + Fn)/Fmax = n F/Fmax (4

W e

=
Np(t)TNw(t)

$

L

—P» time

t is not difficult to prove that the same type of relation
olds it Ty + o for all k and if the jobs are not completed

n arrival order (see Conway, Maxwell and Miller [24 ], page
5-20). (In fact, all these relations are special cases of th
undamental equation of dynamic scheduling theory:

N_ + N_= AF
P w
here A is the mean rate of job arrival. This equation holds

rue under very general circumstances).




‘eturn again to (1). It

Lp
- ke

P Fmax

re conclude:

nF - I Py g

is trivial to prove in the static

(3)

= _ k,e _nW
Ny = F T F (4)
max max
n(F - F ) =
I I 3 - max’ _ F _
Nf = n (Np + Nr) T n g n.
max max

-0 Kf, Kr and Kp, it is not so easy to derive comparably

yle formulas for Kf and Xw

*)

. We can easily, however,
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struct the graph of Ap(t) for an example Gantt chart below.

M,y — 1

M 1 2
— 11
2}
2 1
My [ M
L3 F_
max

2

max

-3 time

In fact, A. can be written as a complicated weighted sum
of the Wkl’ but this does not seem to lead anywhere.




i

t is easy to verify from this drawing that

2
L Pxy
- — k’gl
A = L (5)
p max
o that any sequence minimizing F maximizes A

max

here are two further measures here that require attention.
owever, if we define idle time I'Q on machine 2 to be the tim
hat the machine is not used between 0 and Fm *), it appears

ax
hat the sum of idle times is equal to

m F - Ip
max ) k2

o that minimization of Fm ensures minimal (weighted) idle

ax
imes.

more important measure is that of utilization, which reflect
1e necessity of intensive use of available machinery because

f fixed costs caused by depreciation allowance etc..

tilization is usually defined as

Ip
) k2
m F

max

1ich implies again that maximum mean utilization is equivaler
> minimum Fmax'
>mbining this with (4), we get:

(£ o). (N, + ) BE + F)
k%

mnF F
lere p is average processing time; this equation again plays

fundamental role in dynamic theory.

This definition is not used by Ashour [ 2 ], which leads
to an error on page 51.
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4. Criteria based on_change-over times

the sake of completeness we have added criteria based on
ige-over costs to own list. This criterium implies assumption
.) is partly dropped. In fact, only one criterium has been
msively studied, namely the minimization of total change-
 times in the n]l situation, where these times cij - when
\ging from job i to job j -, are sequence-dependent. This
ylem is equivalent to the well-known travelling-salesman
ylem; we shall return to the subject in 4.2.4.. One could

1 a n|m|F problem, where to object is to minimize total
lence-dependent change-over costs, as an extended travelling-
:sman problem, where each "city" gets visited in the same

lence by all the (more and more experienced) salesmen!

other situation of interest is the situation wherein we
» to satisfy a given continuous demand for several products,
luced by one machine. The object then becomes to minimize
number of change-overs in a certain time-interval (Glassey

1). We will return to this problem in 4.2.4..

5. Multiple criteria

ictual situations it happens frequently that we have to take
y account not one, but several criteria at the time. This

Is to general problems of decision-making with multiple
:ctives. We have to combine all the objectives into one

sure whereby one can judge alternative outcomes. Several

s:ral methods have been developed so far (see the review by
[87 1). One could, for instance, order all possible outcomes
.co-graphically, i.e. completely order the objectives, choose
outcome which scores highest on the first objective, break

s by means of the second objective etc.; or one could attach

jhts o, to each objective O, and combine them into a linear

k
alternatively one could get goals for each

k

stion ZukOk;




yjective and try to minimize the (weighted) sum of the
.fferences between goal and actual value of each objective

*). There is no doubt that multiple objective

inction, etc. etc.
i1cision-making is a frequently occurring problem, especially

| strongly areas like scheduling where decisions are influenced

» many factors. However, there are doubts about the applicability
. the afore-mentioned mathematical methods, and in any case

.ttle scheduling research has been conducted along these lines.

1 fact, only two studies are known, one by Smith [93 ] and one

' Florian et al. [17 1, where F respectively Fmax is minimized
ider the side condition that Tmax = 0. We will return to these

:udies in 4.2. too.

3.6. Conclusions

+ conclude this section by giving a short review of all
'iteria mentioned so far. We have split them up in equivalent
'oups, equivalence meaning that the same sequence(s) is (are)

timal for all criteria in the group.

€ groups are:

(1) Chnax
(2) Foax’ f\l’p, Kp, U, I I,
(3) , Whax
(4 C, F, W, L
(5) Zakck, Zaka, Zuka, ZakLk
Ashour [ 2 ] gives a worked-out example of several

techniques.
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(6) Lmax
(7) Tmax*)
(8) Emax
(9) T

(10) Zoy T
(11) E

(12) ZakEk
(13) N +N, N
(14) Nw’ W/Fmax

7e look at this 1list, it is not so surprising that most

: has been done so far on groups (2), (4) and (5).

omparison of all these criteria would be interesting; the
7 studies we know of are by Gupta [45 ], and by Ashour [ 2 ]
- just one example). We will return to the former study in

»ter 6.

Actually, the sequence minimizing Lm also minimizes Tm

ax ax

(but not necessarily vice versa): if
1]
Lmax(s ) € Lmax(s)

for all sequences s, then:

max (O,Lmax(s')) = TmaX(S') < max (O:Lmax(S)) = Tmax(s)

for all s.




. Methods of solution

.1. Introduction

ne machine scheduling problem is a typically combinatorial
otimization problem where the optimum is to be found among a

arge, but finite number of possible solutions.

>st methods to attach this kind of problem typically try to
2duce the set FS of all feasible schedules to a smaller set
)S of potentially optimal schedules and look for the optimum
ithin this smaller set. No general efficient method has so
ar been developed, the discreteness and the resulting
liscontinuity" of the optimality criterium function leading

> very difficult problems.

1e machine scheduling problem belongs to a group of problems
1at center around the concent of an "optimal sequence". In
is book [70] , devoted to these problems, Miller-Merbach

antions four general solution methods for these problems:

(1) complete (explicit) enumeration;
(2) tree searching algorithms;

(3) heuristic methods;

(4) special algorithms.

>w (2), according to Miller-Merbach, consists of the followir
2thods:

(2a) dynamic programming;
(2b) branch-and-bound procedures;
(2c) implicit (bounded) enumeration,

1d (3) can also be further split up:

(3a) non-iterative methods;

(3b) iterative methods,
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and (3b) usually being used simultaneously. (4) consists
1 few special algorithms that have been developed with

.ytical methods.

shall not pay specific attention to (2c), by which Miller-
yach means any technique by which a (heuristically found)
ition is being gradually improved. Only a few applications of
; method are known in machine scheduling; anyhow, the
10dological distinction between (2c) and (2b) is not at all
ir. We shall in what follows pay attention then to (1), (2a),
', (3) and (4), where (4) shall be interpreted as to include
combinatorial-analytical theory available on the machine
:duling problem. Furthermore, we shall remark on the

lication of integer and linear programming techniques to
machine scheduling problem and we shall study two methods

- have been specifically developed within the machine
aduling context, namely the algebraic methods of Giffler [ 37
Rial [ 83 ] and the application of sampling techniques by

ler [ 49 ] and other researchers.

1ly for use in the bibliography abbreviations for each
ition method are proposed in the heading of the section
sribing it; i.e. CE = complete enumeration, etc..
|G|Fmax|CE would then indicate a complete enumeration

ition to the n|m|G|F problem.

max

Complete enumeration (CE)

san be short on the subject of complete enumeration. In the
|G problem there are (nt)™ possible schedules, a number

t soon reaches astronomic proportions. For instance,

)> = 3.10%0

.000 schedules a second, it would still take 3.105 seconds

, which implies that if a computer would evaluate

approximately 1 year of computing time to evaluate all of

n.




n the n|m|F problem, there are for theoretical reasons in some
ases (depending on the criterium) "only" (n!)m—2 schedules to
numerate (m » 3), whereas in the n|m|P problem, the order of
he jobs on each machine is identical and therefore only n!
ifferent schedules have to be evaluated. However, this number

1so soon outgrows any computer-feasible size.

t may be noted, however, that of the (n!)m different schedules
f the general job shop problem, many will be infeasible

ecause of incompatible job- and machine-orderings. Supposing

e have an efficient algorithm to eliminate these infeasible
chedules, could we then enumerate the remaining ones? In

eneral the answer is no, since the number of feasible schedules
F is bounded by can be quite high as well. In an n|m|G problem,
here each job passes all machines, the situation closest
esembling the n|m|F problem (where all (n!)™ sequences are
easible) is the one in which all jobs pass all machines in the
ame order (1, ..., n) except for one job which passes machine
2+1) before machine 2. This leads to (n-1) unfeasible schedules:

very small reduction indeed!

.3. Integer and linear programming (IP)

here have been several attempts to solve the machine scheduling
roblem by formulating it as an integer programming problem,

hich in the most general form looks like this:

minimize clx + c2Y

subject to:

<
Alx + A2Y £ Db

Y > 0, integer.
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a general survey of integer programming, see Beale [12 1,
nski [11 ] or Geoffrion [35 ].

oldest attempts to solve the machine scheduling problem

g these lines are by Bowman [16 ] and Wagner [102] .

an uses 0 - 1 variables X.., where X,., = 1 indicates that
ijk ijk

i is processed on machine j in period k.
leads to restraints of the type:

Xijk = pij (i=1, oo, n; 3 =1, (.., m) (1

™A

k=1

e T is the scheduling period. If job splitting is not

wed, constraints of the type:

T
(X, ., = X ) + & X.,., € P
ijk ij, k+1 4=k +2 ijl ij
(i=1, oo, n; 3 =1, «co, Mm;
k=1, ..., T) (2

» to be added, so as to prevent a l-variable to be followed

. 0-variable and a l-variable in that order.

ach machine may only handle one job at the time, we have

itraints:

(j=ll ® o o § m;k'_"l’ ® o 0 § T) (E

prescribed machine ordering for each job is reflected by

straints of the type:




k-1

L X,. k=1, ..., 1) (4)

b 1312

.. X. . <
i3, i3k T ooy

or every given direct-precedence relation (i,jl) << (i,jz).
owman suggests an optimality criterium function of the form:

n n
1. © X.,. + 4. I X + ... + 4

i i=1 133,841

here ji is the last machine job i has to pass through and
m

=max I p,..

i g=1 Y]

he number of variables equals nmt, and the number of constraints

Juals m[n(2t+1) + 1] for the general problem. Apart from the

urious optimality criterium, it is clear that the number of

- 1 variables is excessively large and that this formulation

ould hardly be called practical.

1e reason to mention this approach here is that a similar
>rmulation by Von Lanzenauer and Himes [ 48 ]| forms the only

>ssibly successful linear programming approach to the problem.

2 again have constraints (1) and (3), but job splitting is

revented here by introduéing variables Yijk’ where

L Af Xyap = Xj5,x41 = 1

Y..
ijk
0 otherwise

1d demanding:

Yisk Z ik ~ Xi5,k+1

Yis = 1

I3

k=1
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ct-precedence relations (i’jl) (i,jz) are reflected by
t t+1
I Y.. - I Y.. >0 (t=1, ..., 1)
k=1 131K oy T13K

we need to make sure that job i is processed on one machine

time:
m
E Xijk 1 (i=1, «eo, n; k=1, ..., 1)

an reduce all summations by restricting them to feasible
periods. We can now use Bowman's criterium again. The
ntial point to notice now is that, by introducing Yijk’
ave succeeded in making all coefficients equal to +1 or -1.
ould therefore not be very surprised if a linear programming
rithm applied to this problem, would produce an integer

tion, just as happens in the case of a transportation problem.
ver, computing experience with this algorithm is small,

an integer solution cannot be guaranteed. The latter fact

ces this algorithm effectively to a heuristic (suboptimal)

ar's approach is quite different and in fact only suitable
the n|m|P problem. We give a formulation for the n|3|P

lem, where "only" n! sequences have to be considered.

>ermutation is determined by 0 - 1 variables Xij where

= 1 indicates job i comes in position j, with

(j =1, ..., n) (5)

M3
b
[}

(]

1 )

(i=1, ..., n) (6)

I3
3
I
=

1 M

1sure that jobs are processed by one machine at the time
le right order, and that one machine only processes one

it the time, variables Si and Ui are introduced where

2 L

Siz = idle time on machine 2% between the ith

the (i+1)F job;

job and
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th

U = waiting time of the i

machine (2+1)

if

ind constraints of the following type (see the drawing):

k job (k+1) Eh job
S s
o] k2 |
2
-1 job k™ job o k)P 4o
1 Sk3
M3
FUk2_4
Y
Ko (x+1) T® job o
M “';L'] k2 | ] “k+1,2]
2
W (x=1) =" job k™ 5op (k+1) " job
Il M, I |
n , n
Sea ¥ 2 PioXy xyr F Uksn,2 T Ukp * E PyaXyy oSy
i=1 i=1
(k =1, ’ n-1)
n n
I PiaXi krr Y Uke1,2 T Uk, T PioXik TSk
i=1 i=1
(k =1, ..., n-1)
'agner chooses to minimize
n-1

| e =]

(Piy * Pip) X4y *+ I Sy

i=1 i

job between machine % ar
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n

h is equal to Fmax - izlpi3. The number of constraints is

- 3). He tries to solve the problem by using an all-integer
algorithm, created by Gomory. In chapter 14 of the book
uth and Thompson [ 96 ], however, he has to report that he
"not yet found an integer programming method that can be

ed upon to solve most machine sequencing problems rapidly".

ch better formulation is given by Manne [64 ] . He solves

n|1||F
ting time of job k. (Manne restricts himself to integer Tk’

< problem by using variables Tk to indicate the

they may as well be real). Writing Pyyr =++r Poy as
ceer P the fact that job j either takes place before or
r job k, in indicated by:

or Tk - T. > pP. (9

is converted into one inequality by using 0 - 1 variables
and a constant C which should be larger than all possible

es of Tj (j =1, ..., n).
the restrictions:
(c + pk) ij + (Tj - Tk) 2 Py (10

+ (1 - Y., + (T, - T.) 3 . 11
(c + py)( )+ (T - T 2oy (
together equivalent to (9): if ij = 0, (10) becomes

Ty 2 Py and (11) is trivially true; if ij = 1 we get

T. > p..
j *P;

r precedence relations (assumption (J6) being dropped) ,

. as job j precedes job k, are given by trivial inequalities:

T, - T. > p. (12




tc. etc.. Due-dates can also be incorporated:

k - Px (13)

e can then minimize T.

anne gives no computing results, and only indicates vaguely

hat this approach could be generalized to the n|m|G|F problem.

max
owever, this is trivial: taking Tkz as the starting time of

peration (Jk’Ml) we have

Ty ™ Tkp 2 P ©F Ty = Typ > Pyy (14)
or all pairs j,k*). The prescribed machine order for each
ob is given by

Ty = Tkm * Pknm (15)
>r every directly-precedes relation (k,m) << (k,2).
jain we can introduce due-dates:

T, . £ 4 - p,.. (k =1, ..., n) (16)

k3. k L
1ere jk is the last machine for job k (dropping assumption (J3))
1d we can also easily drop assumptions (J2), (M2) and (M3):

Tkik > Iy (17)

' This can easily be generalized to the situation where a
job does not necessarily pass through all the machines.
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(k (18)

I
-
-
.
°
-
3
~~

(k (19)

Il
[
-
°
.
~
=]
S

i ik

imes c

> (18) and (19) indicate the limited availability of machine
is the first machine of job k. Sequence dependent set-
) (when job k follows job j on machine %) can be

ly introduced in (14), so that assumption (JM1) can also

ropped.

inequalities under (14) can again be combined into one
uality by introducing the 0 - 1 variable ijg and a large
tant C and demanding

Y + (T., - T (20)

(C + Pyrg) Yypy 50 7 Txg) % Py

(C + pjz)(l - ijz) + (T, = Tjg) ? Pyy (21)

an then minimize T where

ki, ~ ki,

k

have a mixed-integer programming problem.

formulation is given by Balas [ 7 ], Gupta [47 ] and
ond [81 ]. Balas solve the problem by his more generally
icable filtermethod and Raimond uses a direct-search method;
ver,'both methods effectively boil down to a branch-and-
d method, which in the case of Balas is introduced in

her article by him (Balas [ 8 1).

hink one may safely conclude by now that the elegant
wmlation of scheduling (and so many other) problems by means
- 1 variables insufficiently takes into account the special

.cture of the scheduling situation. Therefore it is highly
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inlikely that a general integer prbgramming method will ever
>rovide the most efficient way to solve scheduling problems.

3.4. Dynamic programming (DP)

’here is no need to describe in detail here the familiar method
>f dynamic programming, due to Bellman. Good examples can be
lound in Beckmann [ 13 ] and Miiller-Merbach [ 70 ] . Applications
>f this technique to general sequencing problems are quite
wumerous, but to the machine scheduling problem they are
romparatively rare. We shall give an example, due to Lawler

ind Moore [ 59 ], which demonstrates the usefulness of the
ipproach for a series of nll problems. Suppose jobs Jl' .oy Jn’
:0 be performed in this order, can be handled in two different
rays. In the first way Jk requires Iy units of time, and a loss
£ yk(t) is incurred upon completion of Jk at time t; in the
lecond way the time required is Sk units and the loss ok(t).

le want to minimize the total loss.

low let

f(k,t) = minimum total loss for first k jobs, job k

being finished no later than t.

Yy a typical dynamic programming argument, we see:

f(k,t-1)
(k,t) = min Yk(t) + f(k-l,t-gk) (k =1, ..., n; t > 0) (19)
ck(t) + f(k—l,t-sk)
e put:
f(o,t) =0 (t > 0)
f(k,t) = = (k =0, ., n; t < 0)
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solve our problem by calculating f(n,T) where T is
‘iciently large (e.g., T = I max (gk,s )) .

K k
nall example will clarify this method. Suppose we have two
3 Jl,Jz; 9, = 2, g9, = 1, s, = 1, S, = 2; Yk(t) = 2t,
:) = 3t. Taking T = 2 + 2 = 4, we find:

£(2,1) = =

(£(2,2) = min { 4 + £(1,1)

©

6 + £(1,0) =

9

(’f(2,3) = mind 6 + £(1,2)

.9 + f(1,1)

(8 + £(1,2) =(:>

,4) = min® 8 + £(1,3) = ming14 + £(1,1) = 17

12

(17 + £(1,2) = 20

12 + £(1,0) =
12 + £(1,1) = min414 + £(0,-1)

15 + £(0,0) =|
12 + £(1,2) = mindl6 + £(0,0) = 16

18 + £(0,1) 18

n which we see: f(2,4) = min (7,11,15) = 7, reached by

in the first way; J, is

Jucing J 1

in the second way and J

-

2

jy at t = 1, J2 is ready at t = 2 and the costs are

1 +3x2-=1717.




e apply this to a n|1 problem. Suppose n jobs have processing

imes Py and a common deadline d, and suppose we have loss

unctions
at (t < 4d)
cy (£) =
Bk (t > 4d)
n
2 want to determine a sequence so that kElck(t) is minimized.

1is boils down to partitioning the jobs in two classes: those
n1at will be completed on or before d and those that will be
ardy. The first group will be sequenced according to the ratio's
{/ak (the job with the smallest ratio first - see 4.2.1.),

1e second group follows in arbitrary order.

2 can solve this problem by ordering the jobs by their pk/ak
atio, putting

I
Q
t

I = Py Yy (£)

sk =0 Ok(t)

1d applying (19).

#
W suppose o, is given and a deadline d, 1s given for every

k k
>b. We put Bk = akdk and choose d so that akd > Bk (k =1,...,n).
1en the sequence minimizing I ck(t) also minimizes I c'k(t)
1ere ' k
, o
c'y (£) = min {ukt,Bk}

> it maximizes I c"k(t) where
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c"y (t) = max {ock(dk - t), 0}.

3 is true because the graphs underneath immediately show
. ] = !
. C k(t) c k(t) + Bk'

see that, by choosing Bk and d in this way, we have

:ctively maximized ZakEk, the weighted sum of earlinesses,
‘hat we have solved the n|1l|[Za E, problem! Notice that

Ek is not a regular measure.

shall return to the formulation of Lawler and Moore in 4.2.,

1 we consider the n|1l|[Ze, T  problem.




(3V)

.5. Branch-and-bound methods (BB)

1e of the most promising techniques for solving optimization
roblems is the technique called "branch-and-bound". Originally
aveloped by Land and Doig in the context of integer programming,
: is being applied to a growing number of problems such as
)n-linear programming, the quadratic assignment problem and

1e travelling salesman problem, where it was used in the

lassic paper by Little, Murty, Sweeney and Karel [62 ].

fairly recent survey is given by Lawler and Wood [58 ].

general description of a branch-and-bound algorithm, shall

> given now. In general, the set of all possible solutions

> the minimization problem is being split up stepwise in
.sjunct subsets. For each subset a lower "bound" is calculated:
1e value of the objective function for each solution in the
ibset will be larger than or at least equal to this lower
und. We then choose a subset from where we can "branch";

1is could be the one with the presently lowest lower bound,
1t an other way to choose is possible and will be mentioned
itter on. "Branching" now implies further splitting up the
lbset in disjunct parts. As soon as one of these subsets
mtains only one element, we have a complete solution for
1tich we can calculate the value V of the objective function.

» can from then onwards disregard all subsets with a lower
yund greater than V; no improvement can be found in them.

» continue the branching and bounding, continuously comparing
wer bounds with the present best complete solution, until we
e a complete solution whose value is smaller than or at
:ast equal to all remaining lower bounds. This solution is

e desired optimum one.

- see then that a branch-and-bound algorithm is determined by

ree prescriptions:
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(1) the bounding prescription, i.e. how to calculate
a lower bound;

(2) the branching prescription, i.e. how to split up
a subset of solutions;

(3) the searching prescription, i.e. how to choose a

new branching point.

(1) obviously is very important and the quality of any
1ch-and-bound algorithm is mainly determined by the sharpness

the bounds.

»s with regards to (2) are often incomplete in the sense
: they do not uniquely determine how to split up the subset
2r consideration. Various heuristic rules may then be

loyed to arrive at the definite splitting.

11ly, (3) is sometimes not explicitly given in literature,
is mainly an administrative matter. Basically one can

:inguish two different approaches:

(3a) branch from the subset with the present lowest
bound ("frontier search");
(3b) branch from the most recently created subset

)

. *
("newest active node") .

10d (3b) usually leads to more branching operations than
, but requires little computer storage (of the pushdown-
')k type), whereas (3a) demands large space for the storage

.ntermediate data.

One could combine the two by branching from that subset
among the most recently created ones, that has the lowest
bound.




ranch-and-bound methods have been very successful in solving
:quencing problems in general and some machine scheduling
coblems in particular. Various examples will be dealt with

1 other sections; especially in the n|m|G problem branch-and-
>und methods have been used extensively. However, a recent
ticle by Bratley, Florian and Robillard [34 ] indicates that
.ready a 10|10|G problem poses great problems and can probably
>t be solved solely by branch-and-bound methods.

wertheless, branch-and-bound methods have heuristic wvalue
s well; if one is willing to be satisfied with a solution
.thin, say, 10% of the optimum, and a complete solution with
tlue V is known, all subsets with lower bounds greater than

.V/10; this should speed up calculations considerably.

: purposely refrain from going any specific example at this
vint as we have done in other sections. As mentioned before,
)plications of branch-and-bound methods are so numerous
iroughout this report that they will sufficiently illustrate
le power of this method.

6. Combinatorial—-analytical methods (C2)

" combinatorial—-analytical methods we mean all theoretically
'rived results whereby either the set FS of feasible solutions
. effectively reduced to a much smaller set POS of potentially
timal ones, or a constructional method to find the optimum

- explicitly given.

. the first case, results usually have the form: "if a sequence
s property P, this sentence can never be optimal", "there
ists an 6ptimal sequence with property P" or "any optimal
quence has property P". The third formulation is much stronger

an the second one: propositions of the second type are not
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:ssarily "additive", by which is meant that, if we have

mber of these propositions referring to properties
. Pn’ this does not imply that there is one optimal

lence which has all of these properties.

:he second case,; the problem is, of course, solved: we have
mstructional method that enables us to find an optimal
lence. Results like this are, however, comparatively rare
nachine scheduling theory and they are generally confined

rery simple situations, such as the n|2|F|F problem,

max
7ed by Johnson's classic paper [54 ] in 1954.

7 examples of these results will be given throughout this
>rt, so again there is no need to go into details here.
:rtheless, it would be nice if one could give a few

:rally applicable results here. The theory of combinatorial
lmization, however, has hardly been developed so far and

only interesting theorem was given by Smith [93 ] in 1956:

>rem 3.6.A: a sufficient condition that f(mw) < £(m) for
m, where f is a real function defined on permutations
(1, ..., n) is that:

(1) there exists a function g, defined on ordered
pairs (k,%) such that, if

17 e lk’ lpgpr v 1n) and

'l' ceay ik+1’ ik’ e oay in), then

f(m) ¢ £(n') if g(ik,ik+l) < g(ik+1,ik);

(2) 7 is such that k precedes % if g(k,%) < g(&,k).

>f: in any + T, we can interchange the pair (i 2), where

k’i

.mmediately precedes i, in m, but follows i, in w. By (2),

k k
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g(ik,iz) < g(ig,ik), so by (1) the interchange does not

increase f(w).

The situation is even simpler when g is function of one
variable only, k preceding &, if g(k) < g(%). In this case,

g is necessarily transitive; in the general case, if

g(k,2) < g(&,k) and g(&,m) < g(m,2), it does not necessarily
follow that g(k,m) < g(m,k). So one has to check if a sequenc
(il' ceoy in) where k precedes & if g(k,%) < g(%,k) can be

constructed at all.

No general constructional method for g is given, but in gener

one interchanges elements i, and i and tries to write the

k k+1
resulting change in the value of f as a function of these two
elements only. A more abstract formulation of this idea is

given by Elmaghraby [29 ].

Examples of this method will be given in chapters 4 and 5;
by the nature of theorem 3.6.A. applications are restricted t«
those cases where the value of the optimality criterium is

determined by one permutation only.

As announced, we shall not give any specific examples here.
It is interesting to point out, however, that the usefulness
of theorem 3.6.A. is due to the fact that it permits one to
find an optimum by only checking the effect of interchanging
pairs of elements. The theorem guarantees that our local optir

(in the sense of Nicholson [79 ]), is also global.
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Algebraic methods (A)

e have been only a few attempts to solve scheduling problems
lgebraic methods. By the latter we mean those methods that
antrate on structural properties of the set of all operations,
on the relations between them. Here we shall pay attention

he work of Giffler ([37 ], [38 ]) on schedule algebras and
work of Rial ([83 ]) and Driscoll and Suyemoto ([26 ]) on
tion nets. The lack of any further research in this

ction explains why we shall see no need to return to these

ods any more after this section.

ealize that Giffler's approach is aimed at situations
ing the characteristic difficulty of machine scheduling
lems: in his schedule algebra theory, it is assumed that
mplete ordering of jobs is (implicitly or explicitly) given,
hich case the schedule graph is equal to a PERT-CPN type
etwork. Also we realize that Rial's approach is aimed at
more general problems than the machine scheduling problem.
ver, we think it not unlikely that algebraic methods may
out be powerful aids in solving this problem andvtherefore

ribe the two approaches in somewhat more detail.

1. Schedule_algebras

chedule algebra theory, we generally try to solve the
-known problem: given n strictly-ordered activities and
starting times of all unpreceded ones, what is the earliest

ting time of each activity?

ssemble all relevant information in a n x n-matrix S, with

{{tij} if i << 3

0 otherwise,

S.. =
1]




I8

there {tij} is the set of minimum intervals between the start
£ activity i and the start of activity j, arising from various
.echnological and other considerations*). If tij has "zero
lagnitude", we shall denote this by |, to avoid confusion with
i3 = 0, which indicates that i does not directly preceed j.

‘e shall now study the structure of all matrices of this type
hose essential characteristic is that its elements are sets

f real numbers (including \), or 0 (zero). We can define two
elevant ways to add and multiply these matrices. For the first
ay define C = A ® B where A and B are both (n x m)-matrices

y defining cij = aij ® b1j by the following procedure:

(1) collect all entries of the sets a, . and bij;

(2) replace by zero all combinations with the same
magnitude, but different signs;

(3) if all entries are now zero, surpress all but one;

if not, surpress all zero's.

ultiplication is then defined as follows: D = A @ B where A

s a (n x m)-matrix and B a (m x p)-matrix, has as i—jth entry

dij = (ail 0] bli) & ... ® (aim 0] bmj);

O define A o bkj’ we take all pairs of elements (aik’skj)
rom both sets, form

Iaik|+|8kj| ....... if they have the same
sign
Oip © By = —Iaikl—lskjl ...... if they have different
signs
0 ceeeiinennnnnnnns if one or both are zero

) We use the term "activities" instead of "operations".
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add all these products, according to the above definition

r this addition, ®, the (n x m)-matrices form an additive
p with the matrix that is identically zero as neutral

ent. The (n x n)-matrices form a non-commutative ring with
tity matrix I, that has {\} on the diagonal and zero
where. As with real matrices, inverses according to

iplication are unique (if they exist).

the second way to define addition and multiplication, we

rk that, whereas the above operations shall turn out to

uce the time-length of all possible paths between two
vities, usually we are only interested in the maximum length
hese paths. So we restrict outselves to situations where
matrices have entries that are either i, a positive real

er or zero and define E = A % B by

eij = max {aij,bij},

ting 0 as negative infinity; and F = A # B by

fij = m;x {(aik'G bkj)}.
reason that we did not immediately introduce these
nitions, is that the set of all these matrices (where
we just as well replace the set aij’ that is the i—jth
1ent,'by max aij) has much less structure under these

nitions; they do not even form a group any more.

1irning now to the previously defined matrix S, that in fact
>s the length of all "one-level chains", 1 << j, we see that
S = 82 effectively gives the length of all two—-level chains
¢ k << j, the i-j™ entry being




{tik + tkj},

n so far as tik and tkj are not zero. Analogously, the set

hat is the i—jth element of S" gives the lengths of all
ossible w-level chains. Obvious S" will be identically zero
fw> X for some A. Defining @ as follows:

C) =Teses®...es

i3 gives the lengths of all chains from i to j.

t is now easy to prove that

C) =(Ie® (-1 08)) 1

1tere -I has -\ on the diagonal and zero elsewhere. To do so,
1ltiply both sides of (23) by (I & (-I @ S)), getting:

() ® (-I 0 SO CD) =1

© =100 ®)

1ich follows directly from (22), because S>‘+l (C) @ is
lentically zero. Elsewhere [38 ], Giffler gives efficient

:thods to determine the inverse of a schedule matrix.

w, if we are only interested in the maximum length of all
1ains from i to j, we compute:

@ = I %S % (S#5S) ¥ (S# S #S) % ... * (S% ... % 9)
L A i

e i-jth entry of @ giving the desired information.




en a (1 x n) vector T, where

t., the earliest startin
if j is unpreceded

Tj =
0 otherwise
compute
T=T#§

ch gives the earliest possible star

dvities.

#*
ting S # S as S 2, etc., we have

#2 #

T T # (I * S % S ¥ ... % S

(T # I) % (T # S) % ((T # S

(T # st2) ¥ 5) % ... % ((1

.ch gives rise to the recursive forn

T = T,
re:

T =T

Ty, = Ty * (T, * S), k =
- Tyt S 1, 2, ..., because A %

imple: suppose we have

51

e of activity 3,

time for all n

) %
» 3, 4, ..

\ for all A).
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= (3 0 0 0), we find:
T1 =T % (T # S)
= (3 4 5 6)
T2 = Tl * (T1 # S)
= (3 7 5 1)
T3 = T2 * (T2 # S)
= (3 7 5 10)
T4 = T3 * (T3 # S)
= (3 7 5 10)
fF=(3 7 5 10).

method of schedule algebras can be extended to the situatior
re the directly-precedes relations are given implicitly

some priority rule (such as First On, First Off, etc.).

its present form, it can, however, not contribute directly
ards the solution of the machine scheduling problem, because
fundamental relation: "i precedes j Or j precedes i" cannot

)

axpressed* . For an approach, where these (and many other)
ations are readily available, we turn to so-called relation

abras.

basic idea of relation algebra, as presented somewhat

>iddingly by Rial [83 ], and Driscoll and Suyemoto [26 1, is

Schedule algebras can, of course, be used as part of a
general algorithm to solve a n|m|G problem, (see, for
instance, Ashour and Parker | 1).
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the following. Suppose we have a set of n activities with all
kinds of time-relations between them, either very vague (i.e.,

X starts before Y) or very precise (Y begins exactly when X
stops, X starts n time-units after Y). Especially in large
projects these relations may well lead to logical contradictions.
We want to discover these contradictions (if they exists) and

find out how they can be dissolved.

First then, we have to classify all possible relations. Now
each activity X is characterized by its starting time tX and

finishing time Tx' Likewise, Y is characterized by ty and T
There are five possible relations between tx’ and ty and Ty:

tX < ty’ tX = ty’ ty < tx < Ty’ tx = Ty' tx > Ty; the same
relations exists between Tx’ and ty and Ty' Of the 25 resulting

combinations, 12 turn out to be infeasible, which leaves 13
fundamental relations. They are illustrated by the scheme

below*):

#*) Our notation differs from Rial's.
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«ch feasible combination is illustrated by two time scales
th the positions of X and Y. As to notations, Xai.Y has to

J
: read as: (XaiY) A (Xan), A standing for logical conjunction.

. order to discover logical unconsistencies, we introduce the
ncept of implication: if it follows from (XBY) a (YYy2Z), that
en (xdlz) v ... ¥ (XGnZ), the relation 61 v 62
id to be the implication (or the product) of B and vy; v is
17Y and
’GZ’ then X(cx5 v A v a7)Z, as will be obvious from the
cture below.

v ... ¥ § |is
n

e sign for logical disjunction. By example, if Xo

HJ

can extend these relations by defining X§Y to mean YBX
.e., &05 = a,,) and by defining XBX to mean that XBY is not
e case. All implications and conjunctions have extensively

en tabularized by Driscoll and Suyemoto.

w, if there is any logical inconsistency in the network of
lations, it will necessarily arise out of some loop

61X282X3 . Bn—lxnsnxl' To discover this, we transform each
these loops step by step by means of implications into a
lationAof the type X1Y1X1Y2X1' which is identical to

(Yl A YZ)X2' We then check in a table of conjunctions if

is conjunction is false (i.e.: no pair (Xl’xz) could possibly

ve this relation). If so, we have an inconsistency.
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nple: suppose we have the following cycle:

and X,a imply X,a.X Now Xl(oc7

18%2 2%27%3 1%7%3-
ijuse X.o0-X., means t < 7T < T and X.a.-X., means
X X X 17673

17773 3 1 3
=t (< T. ).
Xl Xl

AA oc6)X3 is false,

»bviously indispensable result which we need here, is:

>rem 3.7.A: XlBlX2 coo Bn_lannxl and

X B X have the same thruth

K1 oo Pro1XnBpX By Xy eee Bp Xy
1e for k =2, ..., n.

>f: trivial for n = 2,3; from there by induction.

:n the network of relations and the tables, the search for
msistencies, described above, can easily be carried out

1 computer. Rial announces a program in preparation; no
11ts have been presented since then. Driscoll and Suyemoto
sent a number of heuristic rules whereby a logical conflict

1t be solved.

. has extended his approach to so-called metrized relations,
e not only is given that, for instance, tx < ty’ but where
tnow that ty = tX + i. The notation is easily extended, to
:r these relations, the above example being written as

(i)Y, and, for instance, Xu27(i,j)Y denoting the following

1ation:
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In the case of metrized relations we can again study the
implications of two metrized relations Bl(i) and Bz(j).
However, what is more important is that metrized relation place
a number of restrictions (in the form of linear equations) on
the parameters i, j, ... and the durations dx =T - tx of the

X
activities. For instance, in the above example, we have

i+ dx + j = dy

which must be true if the relation Xa27(i,j)Y is true.
In this way, a number of necessarily valid equations can be
derived from a true metrized relation network. Let us illustrate

what we can do with them by a final example.

Suppose we have the following network (one can think of T as

a common time base).

The network can be shown to be true
in a logical sense. We take all cycles
and derive equations from them

(tables exist for this procedure).

Xao(j)YaSTa27(i,£)X : i+ dx + 2 = dT
dX + 4 =3+ dy




~N
7(k)Za2(m)Ta8Y : dy = dZ + k

m+dz+k=d,II

(j)Yal7(k)Zaz(m)Ta27(i,2)X gives no new information.

ve have:
d
X
d
Yy
0 0 1 0 0 1 0 d d
z T
-1 0 0 -1 0 1 0 i 0
. =
1 -1 0 0o -1 0 0 | 0
0 1 0 0 1 0 1 k dT
2
m

is assumed constant).

if we want to know the effect of a small change in the
lables (especially the influences these changes have on
1 other), we know that the augmented variables must sati

same equations, and get by subtracting:

/Ad
X

Ad
y
o 0o 1 0 0 1 o0 Ad, 0
-1 0 0 -1 0 1 0 AL 0
. -
1 -1 0 0 -1 0 O A3 0
o 1 o0 o0 1 0 1 Ak 0
AR

Am




-’

/y elementary row transformations we find that the matrix of
>efficients is equivalent to

o O O +
o
I
-
I
—
|
[
I
o O O ==
= O O O

1ich implies that we can choose Aj, Ak, A% and Am, and then
>lve for Adx, Ady, Adz and Ai. The "conditional conflict"

1s Rial calls it) has been adverted.

: cannot be denied that the examples given are extremely
ctificial. Nevertheless, the algebraic methods at least fully
nploy the structural properties of the scheduling problem,
wever, inelegant they may seem. There is room for improvement
:re, and subsequent developments may well justify the attention
11id to the methods here.

. 8. Sampling technigques (ST)

1! this section we enter the realm of heuristic methods, by
1ich we shall generally mean methods that cannot strictly

1arantee the finding of an optimum solution.

r far the most important heuristic methods are those that use
)yre or less sophisticated priority rules. Designing these

1lles and cémparing their performance by extensive simulation

1s kept many researchers happy and busy. We shall present the
1in results in the next section, but here we want to pay
:tention to a curious feature of the machine scheduling problem,
1at has been exploited by Heller [ 49 ] and others.

tle background of their methods is that the number of distinct

iIximum flow times Nd is relatively small, especially in the
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F or n|m|P situation. For a 10|5 situation, the number of
g is 9.38 x 10%! in
in the job shop

;jiible sequences is 6.29 x 1032, whereas N

flow-shop situation and 1.13 x 1015

*)

iation”’. In an n|m|P situation, the maximum flow time is

m of (n + m - 1) processing times, which gives an immediate
nm
»r bound on N, of {n + m - 1). This indicates that it might

»rofitable todstudy the distribution of the different times
- the population of all possible schedules. Heller has
lucted some experiments in this direction, and has concluded
1 derived theoretically) that this distribution is

nptotically normal.

practical use of Heller's work is not at all clear. One is,
sourse, mainly interested in what happens round the lower

L of the normal distribution, where the fit is worst.

sover, if one wants to simulate a great number of different
itions, there are more efficient populations to sample

n than the population of all feasible schedules. There is
ipplication, cited enthusiastically by Elmaghraby [29 ],

ch boils down to fitting a normal distribution to the result:s
1ed so far and calculating therefrom the probability of

iing a better schedule than the present best one in the next
1lation. Surely this process rests on very weak theoretical
inds; not surprisingly, practical applications have not

1 reported so far.

Heuristic methods (H)

1ow it will have become apparent that an optimum solution
1 scheduling problem is generally not so easy to find.

ing into account as well that it is already difficult enough

Reported by Ashour [ 1.




.0 isolate a scheduling problem from a host of surrounding
'omplex problems, it is altogether not surprising that only

. few practical applications of pure scheduling theory are

nown. What happens in most cases is that, given a particular
cheduling problem, one tries to develop a method that will
'enerally produce "good" sequences, although it cannot guarantee
0 find an optimum one. These "suboptimal" methods we shall

rall heuristic. We shall deal with them here and for the rest

f the report stick to methods that really guarantee optimal
olutions.

esearch into heuristic methods has mainly concentrated on
esting different kinds of so-called priority rules. Generally,
he technique of testing any heuristic method is to use that
euristic method to generate one (or more) feasible schedule(s)
or a given problem. Then one evaluates the quality of the
best) schedule, and repeats the whole experiment with either
he same data and a different method (so as to compare methods)
r different data and the same method (so as to get an

mpression of the quality of the method in general).

ow a schedule is completely determined if the starting-times

f all operations are known. If the schedule is generated in

uch a way, that a decision taken with regard to the'starting—
ime of any particular operation can never be revoked, the
rocedure is called a single-pass one. The fact that almost

11 known procedures are single-pass ones is a serious limitation,
s most human beings, operating for instance on a Gantt chart,
ontinuously change previous decisions. More research on

)

imulation of this adjusting behaviour is badly needed* .

) The only available study is by Dutton ([ 28 ]).
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If in a single-pass procedure decisions are taken "on the
spot" (which means that they can be taken in the order in which
they are implemented), we speak of a dispatching procedure.

Again, most known methods belong to this class.

We now introduce the important concept of the set SO of
scheduleable operations. At any time this is the set of all
operations whose predecessors have all been scheduled. It
therefore consists of exactly n operations, one for each job.
Scheduling one of these operations implies moving it to the
set Sp of the (m) operations in progress. So can be split up:

s =gstu...us™,
(@] (@]

where Si contains all operations to be scheduled at machine £%.

Now, if Cz is the finishing-time of the present operation on
machine £ and S g, is the potential starting-time of (k,%) € Sg,
then the earliest possible start and finish-times of (k,%)

are given by max (Cz’skl)’ resp. max (Cz’skl) + Ppg -

If we choose as the next operation to be scheduled any one with
minimal earliest possible starting-time, we get a so-called
non-delay schedule; similarly, if we choose any one that starts
before the minimal earliest possible finishing-time, we get a

so—-called active schedule.

In general, an active schedule is one where it is not possible

to decrease the starting-time of any operation without increasing
the starting-time of another one (Conway, Maxwell and Miller

[24 1, page 111). Obviously, any optimal schedule must be active.
A non-delay schedule is’an active schedule where at no time

a machine stands idle on which a scheduleable operation could

have been processed. An optimal schedule, however, is not
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necessarily non-delay. Take, for example, the optimal sequence
for a 2|3|F|F__  problem where Py; = Pp3 = 0, that is
illustrated below and that has a delay on M2:

1
Ml! ]

S
Mll | |
2'

1
L — L
3

By randomly breaking ties, we can generate a number of active
and non-delay schedules and compare their performance*).

This has been done by Bakhru and Rao (reported in [24 ]) and
leads to the general conclusion that non-delay schedules
behave better in general. However, things get more realistic
if ties are not broken randomly, but by application of some
priority rule, or if - alternatively - an operation is selected
from SO by this priority rule and the starting-time is then so
determined as to produce an active or non-delay schedule.

Many of these priority rules have been developed and tested
(Day and Hottenstein [25 ], Gere [36 ]). To name but a few,

one can grant highest priority to the operation (k,%) where
(1) J, has the earliest due-date;
(2) Jk has either highest or lowest slack-time (i.e.

difference between time remaining before the due-

date and sum of remaining processing times);

*¥) This is similar to the approach by Giffler and Thompson [39 ].




(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)
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Jk has lowest slack-time per remaining operation;

g (FCFS: first come, first

served, or FIFO: first in, first out);

(k,2) arrived first in S
Jk has lowest shop arrival time Iy i

Pro is minimal (SPT: shortest processing time, or

SOT: shortest operation time);

Jk has either minimal or maximal total remaining

processing time;
J, has minimal total processing time;

k

Jk has either minimal or maximal number of

remaining operations;
(k,2) has minimal set-up time;

(k,2) is chosen in a completely random manner.

)¥r priority rules can be found in the literature mentioned

re; Day and Hottenstein [25 ] give many references. The

lormance of most of these rules has been extensively

r'stigated. We cite Conway, Maxwell and Miller [24 ], who

)rt a study by Jeremiah, Lalchandani and Schrage, which

red among other things that priority rules work best in

yvination with non-delay schedules, that SPT scheduling and

lom scheduling (sic) are about equally superior on active

:dules, and that the "maximum remaining work load" criterium

‘orms reasonably well on the whole. However, there is no

.ously "best" rule. The latter remark coincides reasonably
. with the results of Gere [36 ]. He finds that rules based




1 jobs slack are slightly better than SPT scheduling, which

3 in turn slightly superior to the equally bad random and
FS-method.

:Xt, however, Gere moves on to add some additional heuristic
1les, two of which turn out to be very effective: an "alternate
>eration" rule, whereby job & is chosen instead of the
‘iginally picked job k, if the choice of k threatens to cause
rerdue delivery of job %, and a "look ahead" rule, which
)rces the chosen job k to wait if a more critical job is on
s way. He conjectures that all previously tested procedures
.11 work about equally well when bolstered by these two
lditional rules, but does not present any definite evidence.
.§ conclusion is nevertheless that the choice of additional
ruristics is far more important than the choice of a priority
lle itself. One might therefore just as well choose the
siest one available (SPT). All together, these heuristic
thods are (not surprisingly) superior to Heller's sampling
proach, reported in 3.8.

more sophisticated development, also reported in [24 ], are7
thods whereby one varies between using one priority rule and
e completely random method by assigning non-equal probabilities
each operation in So’ the job with the highest priority
tting the highest probability. Again, the results are not
nsistently better than either of the two extremes, but a
rprising outcome of some experiments (by Nugent) is that,
th some procedures, there is a certain degree of randomness
at is clearly superior to both complete randomness and
mplete determinacy. The reasons for this amply demonstrated
ct are not clear. |

ncluding this section we feel that in general heuristic

thods have not been sufficiently explored and have been
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:rpreted too narrowly. More work should be done on heuristic
10ds that are tailor-made for a particular problem (e.g.,
stall [20 1), and more attention should be devoted to
1lating the methods of a good human scheduler. It is not
lLkely that, given the present poor state of applicable
2duling theory, good heuristic methods will continue to be

itmost practical importance.

). Conclusion

:his chapter we reviewed existing methods to attach the

1ine scheduling. Most of them typically try to eliminate
1lences that are obviously non-optimal. (A method like

>lete enumeration which does not do this, may be rejected
1ight away). This elimination is performed in various ways:
ich-and-bound methods try to evaluate the quality of a

:ly filled schedule as early as possible, dynamic programminc
1iys chooses the best of equivalent partly filled schedules
)roceed with, combinatorial-analytical techniques rely on
:ful judgment of the effect of certain interchanges in a
lence. These methods are in fact the best we have at the
int. As stated we do not believe integer programming will

> produce an optimal solution method to the scheduling

ylem, nor do we have much faith in Heller's sampling method.
stbraic and heuristic methods deserve more attention, the

:er ones probably dominating in real-life situations for

r years to come.




Some special cases

1. Introduction

 this chapter the techniques described in chapter 3, shall

» applied to a few special and (comparatively) simple machine
‘heduling problems. Most prominent among them is the n[l
'oblem, on which a lot of work has been done. Still, even

re many problems remain to be solved. We devote special
bsections to situations where there are additional precedenc
mstraints among the jobs. Furthermore, we pay attention to t
tuation where instead of one machine we have m identical

chines to perform the jobs on.

e two-machines and three-machines problem also deserve some
)ecial attention; Johnson's work on the n|2|F|Fmax problem
1954 aroused new interest in machine scheduling problems
general. Finally we pay attention to the 2|m situation,
inly because of the interesting graphical method designed

solve problems there.

2. The one-machine problem (n]1)

st theoretical work on machine scheduling problems pertains
the n|1 situation. We shall try to give a review of known

sults, classifying them by the various optimality criteria
a way analogous to 2.3..

ere are a few remarks to be made beforehand. Firstly, it is
ivial to prove that in solving a n|1||¢(cl, .++s ¢ ) problem
ere ¢(cl, ooy cn) is a regular measure of performance, one
es not have to consider any schedule with job splitting or
le time. In both cases the schedule could be improved in an
vious way.

condly, it is clear that well-known criteria like Fmax’ Cmax
o| wmin are now independent of sequence and do not have to be
nsidered.
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view of the first remark we only have to consider the n!
ferent permutation schedules. As to notations, we denote

ik or jk the job number that in a glven permutation occupies
th
k

ition. Furthermore, we can write Py for Py and Wk for Wkl

place. For example, i8 = 2 means job 2 is in the eighth
=1, ..., n).

-1. Criteria based on_completion-dates_and flow-times
ing assumed that r, = 0 for all k, important criteria to

sider here are

F and Zaka
former one being equivalent to W and T, the latter one to

Wk and ZakLk.

n|1||F problem is easily solved and the solution has been

wn for a long time. Denoting a sequence by il’ i2, e oy in'
find

orem 4.2.1.A: the n|1||F problem is solved by the sequence

eeey, 1 with
n

P £pP;, £ ...5p
i, i, i
k _ 1 D
°>f: F, = I p, , soF== L (n-1i1+ 1)p., ;
— i . i. n . i,
Tk =1 73 j=1 J
5 sum is minimized by arranging the P[. in order of

i]

reasing magnitude. A graphical "proof" is also given in
vay, Maxwell and Miller [24 ].

s way of sequencing is called: shortest-processing-time
uinc1ng (SPT). It also minimizes W, L (and C), Wmax’ Cmin

™y ZFﬁ (a0 > 0). To prove the latter one notes that is




> py in some sequence, one can interchange these two

k k+1

>bs, thereby holding r constant and increasing re ).
lk+l lk

L

he n|1||Ze F, problem is hardly more difficult to solve.

neorem 4.2.B: the n|l||2uka problem is solved by the sequence

17 cee in with

Py /0y <Py /oy < ... <py Joy

1 1 2 2 n n

roof (Smith [93 ]): given a sequence il, ceey in’ and

1terchanging ik and ik+1’ the old sequence will better than
£t as good as the new one if

k k+1 k-1 k+1
. L p. + o, I p. < d, I p. + p. + o, L p;
'k 3=11%3 Tk+1 =1 '3 ‘k+l 3=1 Y3 ksl Yk oj=1
C
o, p. < o, P
k+1 Yk Tk tk+l

> have found a function g(k) as described in theorem 3.6.A.;

1e proof is now immediate.
»2.1.1. Precedence constraints

> now turn to the more complicated situation where there are
crecedence constraints among the jobs.(dropping assumption (J6)).
> can represent these constraints by a directed graph, nodes

:presenting jobs and a directed arc linking J, with Jk‘ implying

k

1at Jk should precede Jk"

We really use here (as below) theorem 3.6.A..
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us, however, first treat the simple case, where has been
.t up in groups Gi of n; jobs, where each group has to be

*)

:uted consecutively in a given order ‘. We then have, if

e FG is the flow time of Gi and ck is a constant, equal to

sum Sf the processing times of the jobs following Jk in Gi.

13

Eaka = Z(é ak)FG_ - Zakck
. i
i
from theorem 4.2.B. we see that the optimal sequence of the
1ps is given by ordering them according to increasing
>.)/ (% a,) ratio. This solves this particular n|1]|(J6)|Za, F
k G k k" k
i
>lem, and therefore also the n|1|(J6)|F problem, where we
:r according to the (I pk)/n. ratio.
G i
i
irning to the more general problem, we find that the only
/m algorithm is restricted to the case where the directed
>h representing the precedence constraints is a forest, i.e.
>llection of trees, each with a root node, from one of which

5 a path to every other node in the graph.

15 16 17 18 19 20

If the order is not giVen, we first order Gi by previous
theorems.




1 example is shown above; for the first job there are only

vo candidates, the jobs 1 and 2. When one of them is scheduled,
> delete the node and all the branches leading from it from

1e tree and get a new set of trees with roots to choose the

axt job from.

1e n|1[(J6)|Zaka problem in this solution is now solved by
>rn's algorithm ([50 ]). To describe it, we introduce the

>tion of a successor set S, to node J this set has the

k K’

>llowing properties:

(1) Jk € Sk;

(2) if Jj € s, and j + k, then J, precedes Jj;

. e i S
(3) if Jj Sk and Ji precedes Jj' then either Ji Sk
or Ji also precedes Jk'

>w the algorithm runs as follows. For each root J, we calculate

k
>r each root Jk we calculate
Y = min (2 p)/ (2 oy )
Sk

lere the minimum is taken over all successor sets. Schedule

le root job with minimal Y+ remove it and repeat with the new
it of roots.

le proof of correctness of this algorithm is extremely
mplicated:. What one does here basically, however, is to find
it whether the ordering according to increasing pk/ak ratio
mflicts with the precedence constraints* . If this happens,
1@ has to group jobs together, assigning them processing time

pk and weight I ak, in accordance with the result mentioned
ove.

For a more general result on this situation, see Gapp,
Mankekar and Mitten [ 105].
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interesting feature of Horn's method is that it can be also
d for situations where the precedence constraints have the
m of upside down trees. One just turns the trees upside

n again, reverses all arrow and replaces O by —ak!

conclude this section by remarking that no good algorithm is
wn for the situation in which there are more general

cedence constraints among the jobs.

-2. Criteria based on_due-dates

have seen already that the n|l||L problem is solved by
orem 4.2.1.A. (order by increasing pk's) and that the
]lZakLk
reasing pk/ock ratio's).

problem is solved by theorem 4.2.1.B. (order by

n|1||L ., and n|1||T _  problems.are solved by the following

orem, due to Jackson (reported in [24 ]):

orem 4.2.2.A: the n|1l||L problem and the n|1]||T problem
max max
solved by the sequence il’ ooy in where
dl £ d, < . g di

1 12 n
being the due-date of Jk.
of: suppose d, > 4, . Interchanging the two jobs leaves
— Tk Tk+1
rything unchanged except for the lateness of the kth and

job, the lateness of the (k+1)th job in the first
uence dominating all the others. The second sequence can
refore not be worse with regards to Lmax’ nor with regards to

x = max (O,Lmax).




lalogous to theorem 4.2.2.A., one can prove (Conway, Maxwell
d Miller [24 ]):

.eorem 4.2.2.C: the n|1||L,, problem and the n|1||T ; probl
‘e solved by the sequence il, ceey in’ where
d. - p. £d. -p. £ ...g54d -p .
1 1 2 L2 *n *n

ving solved the n|1||Zo E, problem in 3.4. by means of
namic programming and noticing that Emax can be maximized
arguments similar to theorem 4.2.2.B., we can now turn to

e more complicated n|1||T and n|l||2ak problems.

Tx

ere are a few situations in which these problems are trivial
the jobs are all late when scheduled by increasing pk's,

en in this case the SPT sequence also solves the n|1]||T

oblem. Also, if only one job is late when we schedule by

creasing due-dates, this sequence solves the n|1||T problem
this particular case. However, for a long time these were

e only results known.

e first serious work on this problem has been done by Lawler
7 1, an early article by'McNaughton [65 ] in fact only solvi
e trivial case that d1 = ... = dn = 0.

wler has tried out various methods on the more general probl
minimizing ch(t), where ck(t) is a monotone non-decreasing
st function. In the first place, he has given a dynamic

ogramming formulation.

JcnN-={1, ..., n}, define C(J) to be the minimal total

st of performing J, if none of these jobs is started before

J) = I p,. Then:
k¢J k
C(J) = min {c, (p + d(J)) + C(T - {k})}
J
c(@) =0
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1se two equations define a dynamic programming approach,
i:reby the minimum cost C(N) can be determined. The number
calculations is of the order 2" and grows therefore very

»idly.

tt, if all the jobs have the same processing time p, Lawler
ws that we have a linear programming problem of the assignment

e:
n n
minimize I r c,(Jp)x,.
i=1 j=1 * +J
n
subject to I x.. =1 (1 = 1, coe) N)eeeeeeennennnaa (%)
P By
J=1
n
I X,. =1 (3 = 1, tee) N)eeeoeoncnnnenens (¥%)
i=1 *J
i3 > 0 (i=1, ..., n; =1, ..., n)
‘e X,. = 1 means that job i finishes at time jp.

ij

1ally, Lawler extends this method to the case of different
>cessing times. However, job splitting can not be prevented
:n. Adding constraints to do so leads to a mixed integer

>gramming formulation.

7ler and Moore extend their dynamic programming approach,
ready presented in 3.4., to the n[1||Zo, T, problem where all

idlines are identical.

e interesting, however, is the theoretical work done by
nons [30 ] on the n|1||T problem. Defining A, and B, to be
: jobs that have been. shown to come after Jk’ respectively

ore J, in some optimal schedule and ordering the jobs so that

k
¢ k implies pj S Py he proves:




sorem 4.2.2.C: (i) if j < k and 4. ¢ max (I p, + p,,d,.),
J B. 1 k'7k
an j comes before k in some optimal schedule?

(ii) 4if d1 £ max (pk,dk) for all k > 1,
en J1 comes first in an optimal schedule;

(iii) 4if max (pn,dn) > d, for all k < n,

k
en Jn is last in an optimal schedule;

(iv) if SPT scheduling is identical with
rliest due-date scheduling, then these schedules are optimal;

(v) the SPT schedule is optimal if

+
+ Py £ I Py for k=1, ..., n-1.

sof: (i) = (ii), (i) = (iii): take B, = )

(i), (ii) = (iv): trivial

(ii) = (v): dl < Pys SO J1 is first. Removing it and
dtracting P, from all dk’ J2 must be first in the new job

t, etc..

we only have to prove (i), which is possible by carefully
isidering the effect of interchanging Jk and Jj (see
nons [30 ]).

w

next theorem tells when a longer job may precede a shorter

\w
°

sorem 4.2.2.D: (i) if j < k, dj > max (g p; + pk,dk) and

+ p. > I P, then k precedes j in somekoptimal sequence;
I ida n
(ii) if dk = max dj and dk + pyp > tilpi,

an Jk is last in an optimal schedule;
(iii) the earliest due-date schedule is optimal

L for all k.

k < Pk
>of: (i) = (ii), together with theorem 4.2.2.C.(i).

(ii) = (iii): if dk = max dj, and Jk is last, then:

i - dk < pp implies we can use (ii) , drop Ty and




71

(i) is proved again by looking at the effect of putting
directly in front of Jj'

nons gives a branch-and-bound algorithm based on reducing

» search for an optimum as much as possible by means of the
> theorems above and branching when it cannot be determined
one job proceeds another or not. He gives no details, no
nputer results and no bounding prescription. However, we

111 illustrate the use of his theorems by a small example.

ypose::

P, = 1 P, = 3 P,y = 4 Py = 9 Pg = 15
dl = 11 d2 = 6 d3 = 14 d4 = 10 d5 =9
7 we find:
(1) J5 is last, because max (p5,d5) = 18 > dk for
=1, 2, 3, 4 (theorem 4.2.2.C.(iii)). We remove J5, getting:
| J— | S | J— | -
P, = 1 P, 3 P 4 Py 9
| - | - | S =
dl = 11 d27 6 d3 14 d4 10
(2) Theorem 4.2.2.C.(iii) cannot be applied again:
¢ (9,10) = 10 < 11,17.

lever, max {dﬁ} = d) = 14 > pj + p) + p; = 13, so now we put

last because of theorem 4.2.2.D.(ii). We get:

P, = 1 P, = 3 p3 = 9
dl = 11 d2 =6 d3 = 10
(3) We cannot reapply theorem 4.2.2.C.(iii) (10 < 11),

: can we reapply theorem 4.2.2.D.(ii) (11 < 12). Now look at
If d1 < max (derE) or d; £ max (d3,p3), then Jl would

:cede J2 or J3 by theorem 4.2.2.C.(i). However, this is not
3¢ 6 ¢ max (9,10).

> case. We see next that J2 precedes J
J, € A and J, and J., are candidates for the first place.

3 27 1 2




(4)  Now d; > max (pg,dg) and dI + p{ > pI + pg. So,
theorem 4.2.2.D. (1), J2 precedes Jl' We remove J2, putting

. first and subtract pg = 3 from d; and d;; we get:
LU J— ny
Py 1 Py 9
wi "y -
dj 8 d2 7

(5) By theorem 4.2.2.C. (i), J1 precedes JZ' because
''=8 € 9 = max (pg',dg').

the optimal order is: J2 - J1 - J4 - J3 - JS’
Jy Iy J 4 J3 Js
} S | 2 r 2 2 | | ] . |
| § | 1] LB
3
d, sdgd)
th average tardiness T = % (0 + 0+ 3 + 3 + 23) = 29/5.

this case, branching has not been necessary. It is difficult
judge Emmons' algorithm, because the branch-and-bound

tails are so insufficiently specified.

r1ally and most recently, a branch-and-bound solution to the -

lllZaka problem has been suggested by Shwimer [91 ], inspired
work of Elmaghraby.

is branch-and-bound algorithm constructs an optimal sequence
the inverse order. The first subsets are formed by taking
ccessively Jl’ ceny Jn as the last job, ordering the other
os by increasing due-dates and keeping the best schedule.
wever, here as during the whole algorithm the following

imination theorem is used:

eorem 4.2.2.E: if aj é Oy s dj < dk and pj < Py 1 then one

ly has to consider schedules where Jj precedes Jk.

oof: this is a direct extension of theorem 4.2.2.C. (i) and
proved in a likewise complicated check of all possibilities

en Jk and Jj are interchanged.
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any level, we branch by means of the set S of jobs not yet
eduled. If S consists of only one job, we can construct a

plete solution; if d, = max d. > I p., then place J, last
k S Jj jes j k
all jobs in S and branch from S - {Jk}*); otherwise, create

sets by successively placing each job J, last among all

, k
s in S.

ower bound LB is then given by the following expression:

ILB =C + a max ((g pi) - dk,O) +
min {o. max ((£ p,) - p, - d.,0) +
s-13,} s + ko]
(min a;) . T . (S - {Jk,Jj})}
S-{Jk,Jj}

re C = cost incurred so far (see below), and the whole
er bound is based on the idea of scheduling just before Jk
t job Jj which adds the smallest possible amount to Zaka,

then finding the minimal Tm of the remaining jobs by

ax
2duling them according to due-date (theorem 4.2.2.B.),

tiplying this by the smallest remaining weight ;.

costs C incurred so far are stored with any subset and
culated by adding a, max ((Z pi) - dk,O) to the previously
S

urred cost. The algorithm is of the "newest active node"
2, the subsets being stored away, however, in order of

reasing lower bounds. Computer experience is quite good,
DIl!IZaka
360/65. Still, sharper bounds and more extensive theoretica

problem being solved in about 4 seconds on an
mination may well speed up things considerably.

erally we may conclude that the non-linearity of Tk causes

ious theoretical complications in the n|1||T and n|1][Za, T,

This uses in fact a weaker form of theorem 4.2.2.D.(ii).




30

roblems, and that the situation with regards to solutions is
till far from satisfactory.

.2.2.1. Precedence constraints

'uppose now there are precedence constraints among the jobs.
he nlll(JG)ITmax problem can be dealt with by a theorem of
awler and Moore [59 ]. However, Lawler has since then given

ruicker and more general method for these and other problems
'uppose a monotone non-decreasing function ck(t) is given,
lescribing the loss incurred if Jk finishes at time t.

'heorem 4.2.2.B: let S be the subset of jobs not required to

n
irecede any others, and T = I Py - If K is such that
k=1 -
c,(T) = min {c, (T)} ,
K kes k

hen there exists a sequence minimizing the maximum loss, whe
» 1is last.

K

roof: if JK is not last, putting it last can never increase
he maximum loss.

his theorem solves our problem: for n|l|(J6)|L

max’ take
K (8) =t - 4 for n|1|(J6)|Tm

, take ck(t) = max (t - 4, ,0

ax k’

n view of the complicatedness of the n|1||T and n|1||Za, T,

roblems, it is not surprising that no work has been done on
hese problems if there are precedence constraints among the
obs as well.
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«.2.2. Number of tardy jobs

end this section by considering a slightly different problem:
imizing the number of tardy jobs. Moore [69 ] gave an
orithm to solve this problem, which was simplified by

gson to read as follows:

(1) sequence the jobs according to increasing due-dates,
ing a sequence il’ aesy in;
(2) if all jobs are on time, we have finished;
(3) if Ji is the first late job, remove Ji , Where
k _ L
=max (P, , «++, P: ), to be processed later. Repeat (2)
! to-1

(3) on the remaining sequence, until no remaining jobs are

2 anymore.

re's proof of the correctness of the algorithm,was fairly
Eicult and has been simplified later by Sturm [97 ].

can also avply the functional equation of 3.4. here, ordering

jobs according to due-date and specifying:

0 t g dj
c, (t) =
k ¥ ¢ s a.
gk = pk Yk(t) =0
s, =0 s, (t) = 1*)
k ~ k
Or Oy v if the weighted number of tardy jobs is to be

minimized.
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-2.3. Criteria based on machine utilization
>r the sake of completeness, we just remark that, in the

|1 case, Fmax being a constant, the mean number of jobs in

1e shop is directly propertional to F, and is therefore
inimized by SPT scheduling.

5 announced already in 2.3.4., we shall treat two cases of
1terest here. The most well known one is surely the n|l problem,
1ereby it takes cij time units if job j is followed by job i.
inimizing total change-over time is then equivalent to finding

1e sequence i in that minimizes

l’ e s o g

n-1
o]

1 ‘klk+r

|| I |

k

1is problem will be readily recognized as the famous Travelling
1lesman Problem, where a salesman has to visit n cities with
Lstances cij and wants to minimize the distance he travels.
:llmore and Nemhauser [ 14 ], amongst others, give a survey

I known solution methods; no generally efficient algorithm

3 known, but certain branch-and-bound algorithms can solve

oblems up to 80 cities. A special case, originating as a

A.

J
ichine scheduling problem, where c.,. = / f(x)dx if A. > B,
B ij B j i

i i
1d cij = [ g(x)dx if Bi > Aj, with (Ak,Bk) given constants

A.

J
id £(x) + g(x) » o for all x, has been solved by Gilmore and
mory [ 40 ].

I the second place we want to draw attention to a problem,
1at strictly speaking does not fall within our definition

. the machine scheduling problem. The problem, considered
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Glassey [41 ], consists of finding the minimum number of
nge-overs needed to have produced dk(t) units of product k
time t (¢t =1, ..., T) where the machine produces one unit
product per time unit. The problem not quite belonging in
class, we shall not pay much attention to it here, but only

mulate the elegant result, obtained by graph-theoretical

dynamic programming arguments. Denoting (dl(T), ceey dn(T))
pz, we generally construct the set pI by including all
i i i-1 i-1 *
ments (xl, ooy xn) where for some (x1 roeeer X ) € Pi-1
i i-1 i _ Ji=-1
for some k : X] = X] 4 oeeen X g T X 1
_ Ji-1 i_  i-1 i _ Ji-1 _ .
1= Xpgypr cocr X X and X, = X Yy, where y is
imal in the sense that xi-l - y - 1 would be smaller than:
i-1 i-1, _
dk[T (dl(T) X ) cee (dk_l(T) Xk-l)
i-1 i-1 _
- (dk(T) - X -y -1) - (dk+1(T) Xk+1) e
i-1
- (@, (1) - x. )]

e level of demand at that time).

. i
this sense (x

'
-1 xi—l}
7 e o o g n

oo x;) is one of the best predecessors of

ceeding like this and eliminating obviously non-optimal
nts in pt, the optimum value is the minimal i for which

0, ..., 0) € pt, as can be easily understood.

shall not delve into general methods for combining various
teria (see Ashour [ 2 ] for examples), but shall only treat
problems, where some criterium is minimized, subject to
condition that no job may be finished after its due-date.




r1e oldest of the two, solved by Smith [93 ], is the

|1||Zaka,Tmax = 0 problem.
1eorem 4.2.5.A: if there is a sequence whereby Tmax = 0*),
1en JK is in last position in the solution to the
|1]|zoF, ,T . = O problem if:
n
(1) d > I p, (i.e., T, =0);
k k=1 k K
, n
(2) Py / ox » pp / op for all L with d4; > kﬁlpk

i.e., JK has the greatest Pk / Oy ratio of all jobs that
>uld be last).

n
roof: if d, < I p,, then putting J. last will make T. > 0.
— n L ok L L
Ed. €& I p,, then putting it last would increase Lo, F

L™ =1’ K k' k
theorem 4.2.1.B.). (Having put JK last, we repeat the procedure
>r the other (n-1) jobs).
ratley, Florian and Robillard [17 ] solve two problems: the
1] (16) |F T =0 and n|1||F___,T =0.

max '’ “max max’ max

1e first one, where job splitting is allowed, is fairly simple.

2t xij
rocessed at time i. Then we have:

be a 0 - 1 variable, xij = 1 indicating that job j is

n
T X;a S 1 (i=1, ..., max {dk}) (at most one
j=1 k job at a time)
d.
Zj (3 1 )
. o =pl j= , ...’ n
i=rj 1] J

)} If sequencing according to increasing dk does not accomplish
this, no sequence will (theorem 4.2.2.B%.)!
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X_ . . . . .
13 2] ryd a3 djyq03

= X =0 (3 =1, ..., n).

max {dj},j
rtasible solution can be found by a labelling algorithm

.lar to that for the assignment problem. By checking if

:ij = 1 for all i, one can find out if there is any point

-boking for a better solution.

second problem, where job splitting is not allowed, is
red by a branch-and-bound algorithm.

:reate initial subsets by putting either Jl’ J «s. Or Jn

2!
st in the sequence. No direct bound is calculated; we branch
1 every subset, and split them up by placing successively
jobs that are still unscheduled, in the next position.

‘e are, however, several exclusion mechanisms:

1a 4.2.5.A.: if we schedule a job in a particular position

it is then late, we may disregard the entire subset.

1a 4.2.5.B.: if we schedule Jj, where rj is larger than the

of processing times cf all scheduled jobs, the sequence
jo far optimal and we need not consider reordering the jobs
rduled so far.

\a 4.2.5.C.: if we have a feasible solution where: (i) some

; JK starts at r (ii) all the following jobs are processed

K;
iout delay; (iii) all their rj's are larger than Ter then
y solution is optimal.
@ 4.2.5.D.: if a feasible solution with Fmax = t is not

.mal, we may set all dj's equal to (t-1).

yater experience with this algorithm is good: 66% of a set

.00 job problems is solved within 18 seconds (100 ! = 10158)

L CDC 6400 computer.




> end this section on the one-machine problem, we pay attention
> the situation logically belonging here, where a job can be
rocessed on any of m identical machines. Simultaneous processing
3 impossible. The machines are identical in the sense that Py

3 independent of the machine on which Jk is processed.

ire, preemption may very well speed up things considerably, so

rery time we have to consider whether it will be allowed or not.

: is easy to see that

- 1
Fmax__ max (mix {pk}, = I Py)
icNaughton [65 1), if preemption is allowed. If not, the optimal

chedule may be difficult to find; no satisfactory solution exist
)r this problem. Baker ([ 5 ]) reports a heuristic procedure

1at behaves fairly well.

yrtunately, for the F and Zaka criteria, McNaughton [65 ] has

roved that there exists an optimal schedule without splits.

e n|mp||F problem is now trivially solved: if one machine £

e job sequence is Jz ) eeey J2 , then
1 n
1 o Dy .
F== I I (nh, -k + 1)p, .
D og=1 k=1 * e

plying the results used in theorem 4.2.1.A., we see that we
n order all jobs by increasing Py and schedule the first
jobs first on Ml’ e Mm’ the next m jobs second on

) ee., M

n’ etc..
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*)
k
blem, however. Clearly, on each machine jobs have to be

such satisfactory solution exists for the n|mp||2akF

ered by increasing pk/ak ratio, but it is not at all obvious
to divide the jobs over the machines. Apart from two

ristic methods reported by Baker ([ 5 1) and a generalisation

Lawler's LP method (reported in 4.2.2.), leading to a

nsportation problem if all processing times are equal, the

t we can do is to use dynamic programming (Rothkopf [85 ]).
st, we order the jobs according to decreasing pk/ock

io's, so that it is no restriction to assume that all

hines will process any subset of them in the inverse order.

then define Ck(tl, ceeys tm) to be the minimal cost of
cessing Jl' ceey Jk if m, is not available before tl' Then:
tyr eees tm) = mtn {Ck_l(tl, ceer By FPEs eeey tm) +
+ ooy (b, + p)}
re we start by evaluating Cl(tl’ ooy tm) for all combinations
; eeey tm) for which tz < t2+1 (=1, ..., m=1) and
n
- k)
tz = kzzpk’ and take Co(tl, coay tm) =0 .

computing results are given, but the procedure is most likely

Yy time-consuming.

re the tardiness criteria cause already so many difficulties
the one-machine case, it is hardly surprising that for m

allel machines there are very few results indeed. Job splitting
very well be profitable here, as demonstrated by the T

imal schedule below..

Mp is to be read: m parallel machines.

Rothkopf treats a slightly more general case than we do.
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Again we can use Lawler's transportation problem-formulat
all Py are equal. If this is not the case, we are left wi
Root's algorithm [ 84 ] that solves the nlmp[IT problem wh
deadlines are equal and job-splitting is not allowed. Roo
attacks this problem by theoretical arguments. His proofs
again very involved; basically his method boils down to t
following. Ordering the jobs first by increasing processi

times, Root proves that there is an optimal sequence wher

Jl' e ooy Jq are all started before the common due-date d,
Jq+1’ ceey Jn are processed by scheduling Jq+1’ ceey Jq+1
next on Ml’ ey Mm’ followed by Jq+1+m+1' ceey Jq+l+2m o}

Ml’ ooy Mm' until every job has been scheduled. The only
problem then is to determine g, and the schedule Jl' caey
As to g, the only result given is that the number of feas
values for g is smaller than m. For every feasible value

we have to find the schedule for Jl’ ey Jq that minimiz
m

z Tg, where T2 is the tardiness of the (maximally one)
=1
job that finishes late on Mz. No algorithm is given for t

procedure either. The lack of these details make it very

difficult to judge the computational value of Root's work

We conclude that algorithms for the n|m_||ZoyF, and the
n]mplIZaka problems are very much needed and are likely
to be fairly complicated.
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.6.1. Precedence constraints

only problem with precedence constraints that has been

isfactorily attacked, is the n]mpI(JG)IF one, where job

max
itting is not allowed and P = 1 for all k. We then have Hu's

orithm [ 51 ]: label all jobs without successors 1; then label
other jobs Oy where
o = 1 + max {ocj|Jk directly-precedes Jj by the precedence
constraints}.

;, 1f there are less than m scheduleable jobs, schedule them;

esrwise schedule the m jobs with largest o Repeat until all

Kk
5 are scheduled. Again we find here that the correctness of
s intuitively obvious algorithm is very hard to prove.

ating J, with processing time P, as a series of Py jobs with

:essingktime 1, we can apply this algorithm to the more general
2 too. A limited kind of preemption can then not be avoided.

ve allow preemption in general, only the case where m = 2 has

1 solved by Muntz and Coffman [ 23 ] (reported by Baker [ 51]).
ir algorithm boils down to splitting into independent
1-interfering) subsets, ordering these first and then

>ining them; it is fairly complicated and we shall not repeat
1ere, as no generalisation for larger m seems possible anyhow.
general problem, either with or without preemption, remains

>lved. Also no other criteria have been investigated here.

1 regards to the nlmp problems therefore, a lot of work
ains to be done. The difficulty here consists chiefly of
igning the jobs to a machine; at present, no generally

isfactory rule for this procedure exists.

The two-machines problem (n]2)

start this section by proving two theorems (Conway, Maxwell
Miller [24 ]) that will drastically reduce the number of

:ntially optimal solutions to some future problems.
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Theorem 4.3.A: in solving n!m|F|¢(cl, -+, c) problems, where

¢ is any regular measure, we only have to consider schedules

on which the same job order is prescribed on the first two
machines.

Proof: trivial.

Theorem 4.3.B: in solving n|m|F|Fmax problems, we only have to

consider schedules with the same job order on M

1 and M2, and

the same job order on Mm and Mm'

-1

Proof: interchanging jobs on Mm will not increase Fmax‘

(Theorem 4.3.B.) is not true for any regular measure; look at
the F-optimal schedule below!).

Several applications of these theorems will be given below.

roblem

4.3.1. The n[2]F|F ___problem

This is the problem solved in the often-mentioned paper by
Johnson [ ] . Because of theorem 4.3.A., we may restrict
ourselves to schedules prescribing the same order on M1 and M2.
A Gantt chart could look as follows:

P11 Pa1 P31 Pyy Pni
————r— —
]
'
P12 P23 P3p: Pn2
 — ! . —
"*7 f - |
X X X F
1 2 4 max




orem 4.3.1.A: the n|2[F|Fmax problem is

eee, 1_, where
n

min (p;, ,, P. ) < min (p, , P
L1t a2 et

of: it is trivial that we must minimize
uences (il, ooy in) (where Xij is idle

processing of Ji and Ji ), and that
j-1 J

n
X. =max ( I P; 1~ _Z Py o 'Z P; 1~

= max (Kn' ceey Kl)

k k-1

re K, — I p. - L p. 4.
k . i.l . .2

j=1 %37 3=1 %3

;, interchanging ik and i changes K

k+1’ k

1 and leaves the other Kk's unaffected.

0ld sequence will be better if

1 )
max (Kk, Kk+l) < max (K!, Kk+1)

, max (Kk, ) is given by (%), and:

Kk+l

max (Ki, K' .) =

k+1
k-1 k-1
max ( I p. + p. - I p. '
5=1 ljl lk+1l j=1 i.2
k+1 k-1
Ip - I p. - p ) =
j=1 % 1 j=1 i.2 lk+12
k+1 k-1 ,
I p. - Ip + max (-p P o
j=1 i.l j=1 i.2 k1 i

solved by -

. ) .
1k2
n
)X
j=1 *;

time %n M2

into K!', K

X, ove:

91

aquence

(%)

nto
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So, treating max (Kk, Kk+1) likewise, (%%*) will be true if:

max (-p. y “P: 5) < max (-p. ., —-P.
i,4q! 1k2 lkl i+l

leading easily to:

. *)
) < min (p. P: -) .
+l2 i 17 ¥i 2

min (p. r P
Il 7i k+1 k

k

An example shows that theorem 4.3.1.A. is intuitively plausible.

Py; = 4 Py; = 3 Py; = 6 Pgy = 2
Pip =3 Pyy =2 Pyp = 4 Pypy =1
The steps are:
(1) P is minimal, so J, comes last;
42 4
*%)
cross off J4 H
(2) now p,, is minimal, J2 comes first and can be
removed;
(3) Py, is minimal now; J1 comes before J3.
Solution:
2 1 3 r;L1
M. § 1 1r
M, F
2 1 3 4
M, } i | | 1
* F = 9
max

%) Of course, we do apply theorem 3.6.A. here; formally we
would have to prove that this function g defines a transitive
relation.

*%) Ties between Py and p, are resolved in favour of Iy e
1 2
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raphical interpretation of the algorithm is given in Conway,
well and Miller [24 ].

.2. The n|2|F|F problem
comparably easy solution is known for the n|2|F|F problenm,
hough theorem 4.3.A. still is applicable. It is easy to see

t J, should precede J, if both p. < p, and p, £ p.
i, i, lkl 111 1k2 122
ever, this does not order the jobs. Ignall and Schrage [ 52 ]

er a "newest-active-node" branch-and-bound algorithm.
nching is done by next scheduling any job that is not yet
eduled. The bound is given by adding the flow times of jobs
eady completed to max (S,T), where S and T are the sum of
aining flow times under the respective assumptions that

1 > pik2 and pik2 > pikl for all unscheduled jobs. The
puter results are quite discouraging; if n = 9, a difficult

blem took 4 minutes on a CDC 1604. The number of computation
ws exponentially with n. However, no better algorithms are

wn.

n|2|G|Fmax problem was solved in an ingenious way by
kson [ 53 1, and surprisingly enough, approximately seven
rs later in a less ingenious way by Szwarc [99 ]. Jackson's

ution is simply to divide all the jobs in four groups:

Gi contains the jobs that are only processed on Mi
(i=1, 2);
Gij contains the jobs that are processed first on Mi’

then on Mj (i=1, 3 =2;i=2,3=1).

; sequence the jobs in G12 and G21 according to Johnson's

hod, and choose the following order:




on M,: jobs from G12 followed by
jobs from Gl followed by
jobs from Gyyi
on M,: jobs from G followed by
jobs from G2 followed by

jobs: from G12’

1is order is clearly optimal.

.tten [68 ], Johnson [55 ], Szwarc [99 ] and Nabeshima [ 74 ]

wve considered n|2|F]Fm problems wherein some time lags

ax
rtween operations on M1 and M2 have been prescribed.

. Mitten's paper, constants lk (k =1, ..., n) are given.

le operation (Jk’MZ) may start 2k time-units after (Jk,Ml) has
.arted (if M2 is free then); however, it must not be finished

oner than 2k time-units after the finishing time of (Jk,Ml).

'erlapping is therefore allowed.

noting starting-times of (Jk'Mk) (k =1, «.., n; 2 =1, 2)
tkz' and restricting ourselves to "passing not permitted",
see:
tx1 T tk-1,1 * Px-1,1
brp = max (&) 5 * Prog,or byq * bk byg F Pyt T Pyy) -
n
st as in 4.3.1., we have to minimize I Xi the total idle time
k=1 "k '
M23 over all sequences AR ln'

w define: Yi = % - min (pkl'pkz)' Following Johnson [55 ],
may interpret Yy as the (possibly negative and possibly
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rlapping) processing times on J
the n|2|p, (20) [F nax
blem, which, because of theorems 4.3.A. and 4.3.B. is again

Xk by an intermediate machine.

problem is equivalent to a n|3|F|F

ivalent to a n|3|p|F
cial n|3|p|F

max problem. However, it is a very

max Problem. In a general n|3|F|Fmax problem

would find for a given sequence il’ ceey in:
u v n %)
F = max ( I p, + Ty, + Ip. )7,
max l1gugvgn k=1 lk1 k=u k k=v lk2

this case, however, the Yy may overlap (there are "no

tlenecks") and so we have here:

n
Pi + Yy + E Pj 2}

F = max { I ¢
1 7k k=u "k

max
lgugn k

Hh~mg

ch implies that we can treat this a special case of the

|F|F__, case solved by Johnson with processing times:
] —
Pigr = Py * ¥
1) a—
P'ga = Pxa © ¥

r details on this, see 4.3.).

uencing Jl’ ooy Jn according to Johnson's method, using the
cessing times above, leads to the optimal sequence. By
earpreting the problem in this way, we have avoided Mitten's
g and complicated proof, that leads, of course, to the same

>rithm.

arc [99 ] and Nabeshima [ 74 ] consider slightly other forms
this problem. Szwarc.only introduces start-lags m, = Py, SO

E, in the notation used above:

t =t

k1 k-1,1 T Px-1,1

See 4.4.
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o = Max (4 5 + Proy o7 Yy * Pryr by F W)
Szwarc proves that the optimal order is identical on both
machines and can be found by splitting the jobs in two subsets

S and S' where:

§ =13 | 2 =Py =~ Py <0}

Jobs in S precede jobs in S'. S itself is ordered by increasing
values of max (pkl’ mk) and S' is ordered by decreasing values

of max (pkz,mk - zk). Szwarc's proof is very involved. However,
we may again regard max (mk = Pyy: 0) as the processing time

of Jk
can apply Johnson's algorithm again, putting:

on a non-bottleneck intermediate machine. Therefore, we

P'yp = Py + max (m = pp,, 0)
P'yy = Pyp + max (m - py,, 0).

Nabeshima deals with the situation that (Jk,Ml) is split in
two consecutive parts with processing times plkl and pzkl'

Moreover, (Jl’MZ) may not be started before tkl + Zk, and may

. 1
not be finished before tkl + p k1 + m -

So we have here

2

1
t k-1,1 Y Px-1,1 * P x-1,2

S

— 1 -
o = Max (ty ) 5 ¥ Py o0 Byt Ao by H Py My T Pyp)

Again avoiding Nabeshima's complicated proof, we note that this

is equivalent to a special n|3|F|F__  problem, where y, (the

ax
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cessing time on the non-bottleneck intermediate machine)

given by:

= - v -
Y = max (& - Py, My - ppo)

_ 1 2 2
Ye Py =Py TPy, andm’y =m - p,

we drop the assumption that the two machines process the
s in the same order, things get much more complicated.
nson [ 55 ] gives a method by which one can reduce the set
feasible solutions to potentially optimal ones only.

ever, a good algorithm remains to be found.

finish this section of miscellaneous n|2 problems by
tioning the work of Sahney [88 1 on a n|2| (M3)|F problem,

re jobs Jl, ..., J_, have to be processed by Ml only,

K

ooy Jn have to be processed by M and there is a time

1’ 27
needed to move the one available machine operator from
hine i to machine j (i,j = 1,2; i + j). A few theorems are
ious then: ordering the jobs by increasing pk's on each

hine, we can at any point where J ey Ji-l and

ll

have been processed so far, stick to M

17 =7 JK+1+(j—1) 1

p; < pK+1+j and switch to M2 if p; > pK+1+j + Ty, t Ty
ney derives a few more complicated theorems and suggests
ranch-and-bound procedure to choose between the remaining

sible solutions.

shall not go into details here any further, but wish to
a1t out that Sahney's work is one of the few theoretical
roaches that explicitly considers labour as a limiting

tor.




4. The three-machines problem (n]3)

1eoretical results for the case that m = 3 center around the
|3|Fmeax problem. Here again we can apply theorem 4.3.B. anc
)nclude that the job order on each machine will be identical

1 an optimal sequence.

Gantt chart of any sequence il’ ooy in will look as follows

he meaning of Xi and Yi here are obvious).

k k
) P, P,
111 121 131
1 i | 1 |
I
X, Pi 2 X, Pij2 x,
—_1_ [ "2 [~ -3
P, P,
Yi 113 ¥g3
i 1 T 140 1
r ¥
Yy
2

n
W, we want to minimize I Y, over all sequences i

j=1 by 17 e in
: have:
n n n-1 n-1
Y T LIt B R BT 2 ey )
n n n n-1 n-1
jﬁlYij - (jilpi'z ' lexlj ) 351p133' jzlYij)
n n n-1 n-1 n-1
= max (Jiilplj2 + jilXij - jflpij3’ JElleZ + 351
n-2 '
- 351p133’ ' pi1 + Xil)
T Lctven v TR
v v-1 u u-1
O T AP T gh Py S T P T LR
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n
.ng I p; 3 to both sides, we find:
j=1 7j
n n u v n
= Ip + I Y, = max { Z p, + I p, + Ip }
¢ j=1 lj3 j=1 lj lusvsn j=1 lj1 j=u lj2 j=v 133
»rmulation we encountered in 4.3.4..
1anging ik and ik+l’ we find that only Hk' Hk+1’ Kk and Kk+1

changed into H;}, Kﬁ, Kﬁ+1' The old sequence will be

Hl
k+17’
:er than the new one if

max (H + max {K. .}, H + max {K 1}
P T Py
] 1 1)
< max (Hk+1 + max {Kl, ceer K0 K Kk+1}'
] 1
H! + max {Kl, ceer K g Kk}) (%)

:an draw no general conclusions now. However, if

max K = K
v
usv
th is the case when
min {p,,} > max {p,,}
X k1 K k2

. (%) reduces to:

. 1] V ] L
max (Hk+1 + Kk+1’ Hk + Kk) £ max (Hk+l + Kk+1’ Hk + Kk)
ing easily to:
min (p, , + P, -, D, + p, ) <
el T2t T3 T2
min (p. + p. ; P + p. 5)
Teerl T2t 43 Ti2
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omparison with theorem 4.3.1.A. shows, that in this case the

|3|F|F
max
ith processing times:

problem is a special case of the n|2|F|F probler

max

p! = p. + p.
1k1 1k1 1k2

P = p. + p,
1k2 1k3 1k2

> that Johnson's algorithm produces the optimal sequence.

:warc [99 ] tries to develop a comparable method, applicable
> more general cases. However, his proofs are incorrect,
3 shown by Arthanari and Mukhopadhyay [ 1 ]. These authors

.S0 give solutions to two more special cases:

(1) max {p, .} < min {p, .}
X k1l X k2

\ this case, we have:

max {K_} = K, = p,
lsugv ¢ 1 1,1
) e
n
LY. = p, + p. - p. + max (p, , max I )
j=1 15 1! 2 i3 137 S¢ven
ere
v v-1
I = Ip - I p.
. .2 . i.3
Vioog=1 j=2 3
ri, =1, ..., n, we can find min { max {I_}} by Johnson's

2gvgn
gorithm, and thereby solve this problem.

(2) max {p, .} € min {p,,}
X k3 X k2
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this case, max {HV} = Hn; this problem is then again solved

v
solving n n|2|F|F problems.

max
ct from the integer programming formulation by Wagner [102],
:n in 3.3., there have been several attempts to solve the

[F|F
max
cage [ 52 ] use a "frontier search" algorithm, where branching

problem by branch-and-bound methods. Ignall and

lone by successively scheduling next all the jobs that are

unscheduled. A lower bound LB is calculated as follows.

T,r Tys Ty be finishing times of the set Us of scheduled
3 on Ml’ M2, M3, 'Js =y- ‘Js.
Ty + L Py +min {p, + pl
) J
s s
LB = max4 T, + £ p,, + min {p, .}
2 5 k2 5 k3
) s
T3 ¥ 2 Py3
s

» lower bound is not very sophisticated and computing results
not very impressive, although computation time is reduced
\pplying a simple dominance criterium whereby some nodes can

tliminated directly.

milar method has been developed by Lomnicki [63 ] and
‘equently been extended by Brown and Lomnicki [19 ] to cover
n|m|P|F
max
0se J. 4 ...y Ji have been scheduled so far, and Js is

1 k k

.shed on Mz at Tkl' Then define:

n m
+ z + min { =

g, =T P P
. k2 j=k+1‘lj2 k+lgjsn  r=g+1 13T

problem. Their bound is the following one.

}

. g = min {gz} gives a lower bound at every node. Lower
1£2<m
ds for the first n nodes can be developed likewise. The

ds are identical to those of Ignall and Schrage if m = 3.

MATIS gMTRUM
EEK MATHEMAT iscH €
BiBLIOTH AMSTERDAS
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few other branch-and-bound methods for the n|m|P|Fmax problem,
1at could be applied here, are mentioned by Bakshi and Arora

6 ]; we will not go into them here any more.

5. The two-jobs problem (2|m)

1e highly artificial 2|m|F|F and 2|m|G|F problems are
max max

2ing considered here, because there are two interesting

>)proaches to it that might find wider application. We shall

>llow in this section the convention by which M, means that

2
rl, Mz) < (JZ' Ml) and MQ means that (J2, MZ) < (Jl’ Mz).

1 the first place, we note that infeasible sequence here is

l1aracterized by containing MRMQ" while in the technological

ichine ordering we find:

(1,%") (1,2)

irthermore, it is easy here to distinguish sequences that can
wver be optimal. We have the following rule (developed by
ers and Friedman) :

if the following orders are prescribed:




J Mz) << (Jl,

ll

J MQ) << ...

2!

regard any sequ

s rule more spe
changing Jl and

this (non-nume
ptimum to a sma

e and Nemhauser
the 2|m|G|Fmax
e by a 2|4[G|Fm
ed machine orde

J Ml) << (Jl’

1'

ng times are:

11 Pyo

21 Poo °

spict this info:

sach job.

'2’ MQI') << (J2I M

S ————

<< ae. << (T, Mon)

2’")

containing Mzﬁg'Mz"'

rules (eight in all) may
and by disregarding Ml' M
) way, one can delimit th
set of feasible sequences

developed a graphical te

lem. We shall illustrate
ample. Suppose the techno
are

<< (Jl, M2) << (Jl, M4)

<< (Jyr M3) << (Jy, My)

= 6.

on in the diagram below,




7 (1,3) (1,2) (1,4)

: lines represent a feasible schedule: they run from (0,0)

(Zp1 sz ), and avoids the hatched areas (because that

k' L
t1d imply a machine ran on two jobs simultaneously). Fmax is
tal to the sum of vertical (horizontal) segments plus

1 (IPyy) -

principle, one would have to draw all 2™ lines and decide
ch one has the smallest sum of vertical segments. However,

: can avoid some schedules by drawing two from the origin

. two from the destination that favour consistently job 1 or

~ 2. The dotted lime for instance favours job 1 consistently.
potentially optimal schedules then have to lie in the area,

med by the intersection of these four schedules. This area
been shaded in the drawing. We see then that the schedule

ked by .-. is optimal with Fmax = 26.
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Szwarc [ 99 ] evaluates the lengths of all paths in the shaded
area by dynamic programming. He considers the origin, the
destination and the north-west and south-east corner of each
rectangle as nodes Nj (3 =1, ..., J). Nodes are ordered
lexicographically by decreasing (x, y) coordinates. Define the

(vertical) distance between N. and Nj (where 1 > j):

d (N,

i Nj) = max ((yj - yi) + (xj - xi), o) .

Now, define n(Ni) to be the set of Nj (j > i) with a feasible
path to Ni that does not contain any other Nj (e.g.,

ﬂ(Nz) = {N4, N, N6}) and define
f(N,) = min (d(N,, N.) + £(N.)).
+ m(N,) * J J
i
Taking f(Nl) = 0 (Nl is the destination), f(NJ) will give the

minimum value of F .
max

Szwarz suggests that it may sometimes be possible to solve a

n|m|G|Fmax problem by first solving (2) 2|m|G|FmaX problems

and combining the solutions. This method obviously cannot

guarantee a feasible solution.
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5. The general flow shop and job shop problem

5.1. Introduction

If we now turn finally to the general n|m|p, n|m|F and n|m|G
problems, the lack of theoretical and practical results becomes
particularly obvious. To start with, the only criterium considered
max: In the n|m|P|Fmax
only have to consider n! permutation schedules, there are a

here is a minimizing F problem, where we
few theoretical results that reduce the search for the optimum

solution. With regards to the n|m|F|F problem the common

machine order for all jobs does not g?sz much extra information
at all, except for theorems 4.3.A. and 4.3.B.. So one might as
well study the nlm|G|FmaX problem, which still remains the most
difficult of them all. Practically no theoretical progress has
been made here, but some sophisticated branch-and-bound methods
have been developed. However, it looks as though even they
cannot solve problems of any appreciable size. If one considers

moreover the seeming unrealisticness of the n|myG|F problem

max
in general, things look bleak indeed. It is pretty obvious that
present combinatorial methods are not powerful enough to solve

these very large problems; the combinatorial proofs encountered

so far in simpler problems are already very complicated.

Altogether it is not at all surprising, as mentioned before,
that known applications of scheduling theory have mostly been
heuristic ones. Below, we shall review the work done so far
(as far as this has not been mentioned earlier in chapters 3
and 4), and hopefully await better times.

5.2. The n|m|P|F problem

max

The restriction that "passing is not permitted" reduces the
search for an optimum to n! sequences only. The restriction

itself is not very realistic; however, n|m|P|F_ __ solutions




107

have some heuristic value as well if one regards them as

approximations to given n|m|F|F problems. As we shall see

max
below, an optimal solution to the latter problem may well be
one where "passing" is necessary, but a reasonable solution is

better than no solution at all.

Having already mentioned Wagner's integer programming approach
[102] and the branch-and-bound method of Brown and Lomnicki [19 ],
we want to pay attention now to theoretical results obtained

by Szwarc [100] . These methods allow a sizeable reduction of

the search for an optimal n|m|P|FmaX solution.

By definition, there are only n! different schedules to consider,
each one characterized by a permutation of (1, ..., n). This is
the situation in which combinatorial-analytical methods might
indeed be used profitably. The general method to use is familiar
by now: eliminate as many sequences as possible and search

sensibly among the remaining ones.

What we want to do essentially in the n|m|P|F_ __ situation is
to find some criterium which, if it holds, allows one to
eliminate a set of sequences that can never be optimal (or,
weaker: to eliminate a set of sequences so that the remaining

set contains at least one optimal solution).

All criteria mentioned in Szwarc's article have the same form:
if a certain condition C(o, Ja’ Jb) holds with regard to a
given sequence of jobs o and jobs Ja and Jb’ then we can eliminate

all sequences beginning with GJb.

Of course, we have to check if there is at least one optimal
sequence remaining after the elimination. A way to do this is

given by the following criterium.
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Suppose m' and T" are sequences satisfying: m' N " = ’

" n *
(mt U ") N (oI, J) =4, 1" U " U (033 = {3y, ..., 3,1 ),
Then if C(o, Jar Jb) implies:

t(oJanw'w", m) < t(OJbﬂ'Jaﬂ", M) eeeennenannn ceeeeeneas (¥)

(where t(m,2) is the finishing date of a given sequence T on Mz),
then we can be since that there is an optimal sequence not

starting with ch (because we would not increase Fm < by moving

a
J_ between o and J,).
a b

Now Szwarc mentions five of these elimination criteria, four

of which were known already. First he defines:

A, = t(cJaJ

1} L) - t(oJd

bl bl 2‘)'

The five criteria now read: eliminate all sequences beginning
with ch if:

(1) t(oJan, L) < t(chJa, 2) (2 =2, ..., m)
(due to Dudek and Teuton [27 ]);

(2) A <

Pay
(due to Smith and Dudek [95 ]);

-1
% (2 =2, ..., m

(3) Ay € Py, (2 =2, ., M)
(due to Bagga and Chakravarti [ 4 ]);

(4) Aoy € by < Pag (=2, ..., m
(due to Szwarc) ;

(5) Az—l < Pgay (2 =2, ..., m)

(due to Smith and Dudek [94 1).

%) In this context we regard sequences as sets by forgetting
about precedence relations.
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First, we want to check that Szwarc's criterium is really a
valid one. To get the flavour of the type of reasoning needed
here, we shall follow the proof that Szwarc's criterium (4)
is valid in the sense that if it holds, (%) must also be true.

We need two fairly general lemma's:

Lemma 5.2.A.: if (4) holds, then, for any sequence m such that
cnm=4g,3, ¢1, I ¢

t(oJaJ ) - t(chﬂ, L) < t(oJaJ L) - t(on, ).

"’ b’
Proof: induction on %2 and p (the number of elements in w).
Trivial for 2 = 1 and p = 1.

Now: & - 1= % (p=1, ©m= JS)

t(oJaJ Js, L) - t(onJs, L) =

b
max (t(cJanJs, 2-1), t(GJan, L)) + Poyg

*
- max (t(GJbJS, -1), t(OJb, 2)) - Pgg € )

max (t(oJ_J
a

bJsf 2-1) - t(OJbJS, 2-1),

t(oJan, L) - t(on, 2)) <

max (t(oJan, 2-1) - t(ch, 2-1),
t(oJan, L) - t(on, L)) =
t(UJan, ) - t(GJb, 2)

(the two last steps being justified by the induction step and
(4)).

*) max (A,B) - max (C,D) < max (A-C,B-D).
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We can now repeat the proof for any p, if we assume the case
P - 1 has been proved.

%

Lemma 5.2.B.: let ¢ and e' be different permutations of the

same set of jobs, and T any permutataon, such that ¢ N ™ = @.
Then:

t(e,2) < t(e',2) = t(em,2) < t(e'm, Q)
Proof: the proof is by induction and based again on
t(edg, 2) = max (t(eJ, 2-1), t(e, 2)) + Psy (%)

Now, we can prove that (4) implies (%): if (4) holds, then by
lemma 5.2.A.: '

t(GJanﬂ', L) - t(chw', L) <

t(OJan, L) - t(GJb, L) = A

By (4) AQ $ Pgygr SO (by (%)) :

] v
t(oJaJ L) g t(GJbﬂ ; ) + Pag € t(onn Ja’ L)

p™

i = ¥ ' = J = n
Lemma 5.2.B. (with € OJanﬂ ; € chw Ja’ T ™, 2 m)

now gives (%) immediately.

So we know (4) is a valid criterium. What about the other ones?
(1) is known to be false; Karush [56 ] already provided a
counter example. Szwarc himself has given in an earlier article
a counter example to (3). He now gives a counter example -

to show that application of criterium (5) at least does not
imply (%). So we are left with (2) and (4). By a complicated
proof similar to the one above Szwarc now shows that (2) implies

(4); therefore (2) also is a valid criterium. Nevertheless (4)




a stronger one, because a quence eliminat ©(2)

'e been eliminated by (4), not vice versa!
now give a small example Jlustrate the us Szwar
terium.

pose n = 3 and m = 3, Let

Pjp =1 Pip = 2 3 =3
Py; = 2 Pyp =1 3= 2
P3; =1 P3p = 3 3 =3
(1) Taking 0 = @4 in ( e see that we h
=Py €8y < .0 ¢ A2 and use A2 S Pyt P Pag
=2, .., M). So in the e e Jl and J3 cou ay th
e of Ja. First, take Ja = Jb = J2 (0 is s ) .
have to check:
Ay € by € pyp =2
w up two Gantt charts
2
1 2 2
1 || A2 =
1 2 2
J | I | f | Al =
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Both inequalities hold. J2 cannot be first.

Now take Ja =J, and J, = J

1 b 3°

Again the inequalities hold. So J3 cannot be first too, and Jl
must be first.

Now we try to eliminate jobs from the last position, by filling
up a schedule back to front. For job Ja it then has to be true
that Pam € Pax (k =1, ..., m=1). There is no job satisfying

those constraints.

(2) We know Jl must be first. So we take o = Jl‘ We try
J3 first as Ja’ and J2 as Jb'
1 3 2 1 2
[ ] —] - — Ay =1
1 3 2 1 2
1 3 2 1 2
[ | I 1i 1 ! 1 L1 Al = 3
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ain we find: Al < A2 < Py, = 3 and A2 < A3 < Py3y = 3. So we
n eliminate a sequence, starting with (1,2), which leaves
ly (1,3,2) as the optimal sequence with Fmax = 11.

2 unfortunate thing is that Szwarc neither gives an algorithm
sed on this criterium nor any computing experience with it.
aiming he does this "intentionally", one wonders about the

al he is trying to attain here. Still, it should not be too
fficult to devise a branch-and-bound method to search the

5t among the remaining sequences. Moreover, Szwarc himself
1ts that it may be possible to find even sharper elimination
iteria.

ving already mentioned the existence of several branch-and-

ind methods to solve the n|m|P|F problem (see Bakshi and

>bra [ 6 ]), our discussion wouldmﬁzve to end here, were it

- that under very special circumstances a n|m|F|Fmax problem
Jjenerates into a n]mlP|FmaX problem. We are referring to the
se in which no intermediate storage is allowed (this implies
1) is no longer valid), so that all operations have to be

>cessed directly after each other.

.s problem has been attacked by Wismer [ 103] and by Reddi
1 Ramamoorthy [ 82 ] practically simultaneously. Although
smer is rather vague on this point, his method also depends
the fact that each machine processes all jobs in the same

ler. (A sequence like the one below would not be allowed,

T
H




hough all operations are performed without delay). Reddy and
lamoorthy deal with a F and therefore P situation straight from

. beginning.

', it is obvious that the minimum time between initiation of
and the initiation of Jl is a function ¢ of k and % only.
is not difficult to derive an exact formulation for this
imum time, but the easiest way to conceive of this function
to picture Gantt charts for Jk and Jz, and, fixing the one
' Jk' to move the one for J2 as far to the left as possible
il two operations "touch" each other.

Ik Iy
Fe
' !
| Tk | T
! [ |} 1
' i H
! 7 } !
boJe 1 Iy
— —
c(k, %)
we introduce a job J0 with
c(0, k) =0 (k =1, ..., m)
m
c(k, 0) = ¢ Py (k =1, ..., m)
, 5=1 3j

see that the minimization of Fm is equal to the minimization

ax

) + cli, ig)
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r all permutations (io, .oy im) of (0, ..., m). This is
ily recognized as another example of the Travelling Salesman
blem.

mples of a process where intermediate storage would indeed
be allowable can be found by looking at steel mills or at
puters processing a set of jobs.

.  The n|m|F|F problem

max

now turn to the general flow shop problem. Generally speaking
(n!)m possible sequences are feasible (i.e. compatible with
given machine ordering per job) in this situation, as is
y to prove. However, theorem 4.3.B. permits elimination of
se sequences with different orderings on the first and second,
th th m-2
(m-1) and m

considerable number.

machine, leaving (n!) to be evaluated

might hope that the optimal sequence was one whereby jobs
not pass each other. However, the example below for n = 4
vs that this is not the case; the depicted sequence is optimal

1 respect to F .
max

2 1
M2 b [ i1
1 2
M3 i - '
1 2
M f 1]
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It might be interesting to find out what percentage of random

n]m|FiFmax problems has a "non-passing” optimal solution.

No more specific theory for the general flow shop problem exists.
Apart from the special cases treated in chapter 4, it is just

as difficult as the general job shop problem to which we turn
now.

5.4. The n|m|G|F problem

max

There is little doubt that we have now arrived at the most
formidable problem of them all. As Conway, Maxwell and Miller
[24 ] put it discouragingly: "Many proficient people have
considered this problem, and all have come away essentially
empty-handed. Since this frustration is not reported in the
literature, the problem continues to attrack investigations,
who just cannot believe that a problem so simply structured

can be so difficult, until they have tried it."

Throughout the report, methods to attach this problem have been
mentioned. We have noted the failure so far of integer programming
methods and the lack of any combinatorial-analytical results.
Also we have introduced the concepts of active and non-delay
schedules; though we can easily generate all active schedules
(e.g. by the algorithm of Giffler and Thompson [ 39 ]), this
class is still too large to be completely enumerated within
reasonable time. There are mainly two things left to do. We
shall take a look at methods to find infeasible solutions,

and we shall review attempts to solve this problem by branch-
and-bound methods. Throughout this section we rely rather
heavily on the disjunctive-graph model formulated in 2.1..
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5.4.1. Elimination of infeasible sequences

Unlike the flow shop problem, some solutions to the n|m|G
problem may be infeasible. Already (in 2.1.) we have seen that
these infeasible solutions correspond to cycles in a directed

graph.

To detect these we can use a simple algorithm, like the one

developed by Marimont (reported in [ 6 1).

First we number all operations from 1 to nm, starting with
those of Jl' etc.*). (We stick to this convention throughout
this section.) Then we construct a (nm X nm)-matrix of which
the i—jth entry is 1 if operation i -directly precedes operation
J (by technological reasons or by the proposed solution), and 0
otherwise. Any operation with an empty row or column can be
scheduled and removed. If all operations can be removed, the
solution is feasible.

Example: Suppose we have a 2|2|G|F problem, corresponding

max

to the following disjunctive graph**):

%) All methods in this section are also applicable if any job
Jk does not pass all machines or passes some machines twice.

*¥) See the footnote above.
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One proposed solution might be:

The matrix is:

0 1 4
0 1 0 1
110 0 1 0 0 1 0
210 0 0 1 0 0 0
310 0 0 0 0 0 1
41 0 0 1 0 0 1 0
51 0 0 0 1 0 0 1
6] 0 0 0 0 0 0 0

The solution is obviously feasible.

Baskshi and Arora ([ 6 1) and Ashour ([ 2 ]) mention another

trivial technique to eliminate infeasible solutions, developed
by Nelson. We draw up a tree by starting with operation 0, and
branching to every node that directly follows the present one.

This process does not terminate if the solution is infeasible.




our example, the tree would look like below.

s method is slightly more interesting than the previous one,
ause, if we assign length i to branch (i-j), the longest

nch in this tree will be equal to F (this is again

max
ivalent to saying that Fmax is equal to the length of the

gest (the so-called critical) path in the graph).

this implies that, if the tree corresponding to some solution,
contained in the tree corresponding to another one, the

ter solution can never be optimal.

instance, suppose we have the following solution, where

disjunctive arc has been changed to another direction:

corresponding tree is:




d by comparing it to our former tree, we see that this solution

n never be optimal.

w, here we have a non-numerical technique to detect potentially
timal sequences. What is far more important, however, is the
llowing. We have now seen that, if in a disjunctive graph we
sign a direction to the disjunctive arcs in accordance with

me proposed solution, the maximum flow time of this solution
equal to the longest (critical) path in the created directed

aph. (Any infeasible solution will lead to loops.)

is insight has lead to the best of the branch-and-bound
thods, that we shall now deal with.

4.2. Branch—and-bound methods

order to facilitate discussions, we first restate more

rmally the disjunctive graph model.

> disjunctive graph G, corresponding to a given n[m[G]Fmax

>blem, is completely characterized by three sets JVT c and.&a.

~

is the set of nodes of G, each node corresponding to an

:ration. We index these nodes by first taking the n, operations

1

Jl*) and number them in the given machine order 1, ..., n,.

We may drop the assumption that n, =n, etc..




ewise, the n, operations of J, are numbered n,+1, ..., Ny,

2 2 1

.. Also included:hlovﬂare two dummy operations 0 and %,

se meaning will be clear later on. We call the set of the

st operations of Jl’ coey Jn o, and the set of the last
rations B. Furthermore we designate by Mo all the operations

t are performed on machine M, (2 =1, ..., m).

L
is the set of all conjunctive arcs. These are ordinary

ected arcs that connect node k to node (k+1) (k =1, ..., n.,-1,

1
I o

2—1, Nay eeeenn . nn—l), signifying that k directly
cedes (k+1) for technological reasons. Furthermore there are
onjunctive arcs from 0 to the nodes in o, and n conjunctive
s from B to ¥%. To any of these arcs we assign a length Py s
responding to the duration of the operation that the arc is

nching from (take Py = 0).

is the set of disjunctive arcs. Any disjunctive arc can be
ught of as a pair of oppositely directed arcs, each with a
gth assigned to it according to the rule above, that connect

pairs of operations from different jobs in Mo (2 =1, ..., m).

ow is the former example; job 1 consists of operations 1, 2, 3
h processing times 2, 3, 4; job 2 consists of operations 4, 5

h processing times 1, 6.




w, by "resolving a disjunctive arc" we shall mean choosing

e directed arc and (temporarily) dropping the other. This

rresponds to assigning precedence to one of the two operations
the machine under consideration. If we resolve a number of

sjunctive arcs, forming a subset D of éD , Wwe shall speak of

partial solution. Associated with any partial solution is a

t NC dV“, containing the nodes all of whose disjunctive arcs

ve been settled. When evaluating any partial solution, we

11 usually disregard any non-resolved disjunctive arcs. When

1l disjunctive arcs have been resolved, we have a solution to

2 problem, that is feasible if the now-created directed graph

2s not contain any loops. The value of Fmax for this particular

lution then corresponds to the length of the longest path in

is directed graph. A very efficient algorithm, devised by

lley, exists for calculation of this so-called critical path
Basically it uses the formula

CP (k)

max {CP(j) + pj}

0

Il

CP(0)

> maximum being taken over all nodes directly-preceding node

and the length of CP being given by CP(%).

reral algorithms either implicitly or explicitly depend on
> above model. We shall distinguish two main groups, and also
7 attention to Balas's algorithm ([ 8 ]), which is mainly of

:0oretical interest.

> first group consists of the algorithms of Greenberg, Nemeti,
irlton and Death, Nabeshima and Sussmann. In fact, Greenberg
I3 1) was one of the first authors to apply branch-and-bound
‘hniques to the scheduling problem. Essentially, he first

sregards all disjunctive arcs and then adds them one by one
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an unspecified order, branching by resolving them either in

+ or in the other direction. At each branch a lower bound is

'en by the longest path in the graph constructed so far*).

ng a frontier search method, gradually the optimal solution
built up.

' this method obviously is not very efficient. There is just
need to resolve all disjunctive arcs in this way, because

y often two operations on the same machine will not be

peting for time at all. Only for those operations that do

e this conflict, we need to settle the disjunctive arcs one
or the other.

above consideration has led to the practically equivalent
orithms of Nemeti [77 ], Charlton and Death [21 ],

smann [ 98 ] and Nabeshima [ 76 ]. Again we start by
regarding all disjunctive arcs. Then, by calculating the
sent earliest starting times tk of all operations by Kelley's
orithm, we look if there is at present any conflict between
operationi*?n one machine (i.c., tj - tk < Py and tk - tj_< pj
j,k € uz) . If not, we have a complete solution. Otherwise,
select a conflict in a heuristic way (several recipes for
s are given) and branch by resolving the corresponding
junctive arc in onelway or the other. Again, a lower bound
given by the longest path in the graph constructed so far.
ceeding either by newest active node (Charlton and Death,
smann) or frontier search (Nemeti), we arrive at the optimal

ution.

is interesting to notice that no infeasible solutions are
r generated this way, since any path existing from j to k

vice versa prior to the resolution of the disjunctive arc

Infeasible solutions are quickly discovered by this value
becoming infinitely large.

tj is the starting date of operation j.




st have had a length of at least either pj or Py in which
se there would be no conflict. However, the argument does not
ply any more if sequence-dependent set-up times are included

the pk's. Nabeshima ([ 76 ]) gives a counter-example to show
is.

e above bound is improved by Charlton and Death in a later
ticle ([22 ]). For any partial solution with corresponding

ts D.Cc ¢® ‘and N C N, they take the maximum of the longest
th and

max { max {t. + p.} + )
v ojenny, J j€ (N *-N)
N 1_[2’

p.}

j

>eshima finally has stressed the potential usefulness of this
jorithm for other criteria; computation of the lower bounds

not so simple then, however.

:hough computing experience with some of the above algorithms
not at all bad, the lower bounds are just not very sharp.
see how they might be increased, we turn to the second

>up where we find the work of Brooks and White, Schrage,

>rian, Trepan, McMahon, Bratley and Robillard.

)oks and White ([18 ]) in the first branch-and-bound solution
the scheduling problem essentially propose the following
forithm. For each partial solution consider the set S0 of
leduleable operations (i.e. the successors to N; in the first

'p of the algorithm, take SO = a). Now find operation k in
so that

t, + pp = min {t. + p.}
k k jESO Jj
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pose k is performed on Mz. We then have a conflict between
ration k and all other scheduleable operations on Ml*)' We
nch by successively scheduling first all operations in
N My - For each branch a lower bound is computed in the
lowing way. First we find the set.d&f of all machines that
form at least one final operation (i.c. those machines Mg
which up N B + #). Next we calculate the earliest finishing
e Tl,on each machine M2 €|ﬁt* by disregarding all unresolved
junctive arcs except on Ml itself, where operations are
2duled according to the FIFO principle (i.e. the operations
ﬂg are performed in order of increasing earliest starting

es tk). The maximum of the earliest finishing times 'I‘2 over
MR € J&f then gives a lower bound for the particular branch

ar consideration.

above formulation covers the rather vague terminology of

oks and White (mainly aimed at the n|m|FIFmax case) and also
work of Florian, Trépant and McMahon ([ 32 ]). The latter
10rs' algorithm is already superior to those of Schrage ([89 ]),

uses a similar approach with less sharp bounds, and Balas

3 1), who will be treated later. However, the lower bounds

not yet completely satisfactory. The restriction to the set
of machines that perform at least one final operation, has

1 made essentially because we wanted to disregard everything

: happened to the jobs after they had passed the machines in

Obviously this can only be justified if we stick to machines

: are in the above sense "final", because otherwise the

10d would lead to worthless bounds.

irtheless, we would like to extend the calculation of the
1d to the set J“LODM* of all machines that still have to
‘orm some unscheduled operations. What one could do then

)rian and Sang, [33 ]) is treat every machine M, € J‘O as a

L

If k is the only one, just schedule k and go on.




‘inal" one, and calculate earliest finishing times Tz on each
by again disregarding all unsettled disjunctive arcs and

FO-scheduling on Mz itself. Next we could calculate for each

, € Mto:

Q, = min {q.}
2 k
JEHy,

ere q is the sum of the processing times of all operations
maining for Jk after Mz. Then,

max {TZ + QQ}
0

uld give a lower bound for the branch in question.

is is still not very satisfying, for, given Mz € J‘D’ one
uld rather use ) directly for scheduling the jobs on Mz.
stead of just using FIFO-scheduling and adding Iy afterwards.
» in fact, to calculate the lower bound, we have to solve a

N nber of one machine problems whereby jobs are available on M
date tk¥)’ take Py time-units to be processed and then have
1ils” I remaining before they are finished; the objective is
minimize Cmax’ including the 9 - Doing this for all machines
Gnﬂto gives us a number of values for Cm

L

ax’ the maximum of

.ch then provides the lower bound.

7, obviously the usefulness of this lower bound heavily
>ends on speedily finding the optimum sequence for all these
» machine problems. Bratley, Florian and Robillard ([ 17 ]) who

%)

'ocate this approach, have devised an implicit enumeration

Formerly called rk!
The formal difference between implicit enumeration and
branch-and-bound is that in the former we gradually try to

improve a "good" starting solution (using bounds if necessary).
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*)

'orithm to solve this n|l problem ', that looks very much like

ir algorithm in 4.2.5.

ood initial solution is given by ordering the jobs Jk for

s n|1 problem according to the following rule: start with I
h minimal tk’ at any time to choose of the available jobs Jy
h ti € t the one with largest d; break ties by largest di;
no job is available again take the one with lowest tk'

veral samples are solved below).

gradually improving the starting solution, the lower bound
omes important. Let S be the set of scheduled jobs. We have

ower bound then:
max (LBl’ LB2)
re

LB, = mgx {tk + Py * qk}

LB, = min {t, } + £ p, + min {q,} ,
B k B k B k
p P P

re Bp is the last block in the given schedule, blocks having
n defined previously in 4.2.5.. It is easy to see that LB2
be increased by 1 if the last job scheduled is not the one

h minimal q, over Bp’

in the initial solution Jc is the job with CmaX = ag + bc + 9o

n it is again easy to see that this solution is optimal if

We could regard this as a n|2|F,(J2),(M8)|Cmax problem by
regarding q, as the processing time on a non-bottleneck M2;

this does not seem to lead anywhere.
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Jo comes last in its block and has the smallest tail of its

>lock. However, if this is not the case, and if ac + bc + qc is
10t equal to LB for this solution, we have to find a better one

)y branching and bounding*), aided by the following trivial

lemma's:

.emma 5.4.2.A.: if job k could be finished, before job & is
ivailable, schedule it.

.emma 5.4.2.B.: if at any date t, tk < t for all remaing k, then
ichedule the remaining jobs by decreasing qy -

;emma 5.4.2.C.: any solution can only be improved by moving Jc
‘orward.

.emma 5.4.2.D.: except in consequence of 5.4.2.C. it is no use

'acktracking over an unavoidable gap (see lemma 4.2.5.B.).

'o show the application of the algorithms in the second group,
et us calculate the bounds for one problem situation. The
isjunctive graph is given below (the lengths of the disjunctive
rcs have not been added, but are clear from the picture).

) Bounds are recalculated if a gap appears in the schedule.




jobs have been scheduled so far; N = {0}. So

t, + Py = 2 is minimal over S SO we restri

4 0’
4,7}. We have te create three branches.

st, we compute the bounds by the first method

(1) Schedule 1 first.

n on M2 : t2 = 3 t9 = 7 t12 = 4
osevorder : 2 - 12 - 9; T2 = 10
M, Lt oty =5 te = 6 tip = 9
ose order : 3 - 6 - 10; T4 = 13

ar bound : max (10,13) = 13.

(2) Schedule 4 first.

Mz Pty = 5 tyg = 6 ty, = 4
ose order : 12 - 2 - 9; T, =11
M4 : t3 =7 t6 = 3 t10 = 8
ose order : 6 - 3 - 10; T4 = 13

2ar bound : max (10,13) = 13.

(3) Schedule 7 first.

42 ‘ : t2 = 6 t9 =4 t12 = 4
>se order : 9 - 12 - 2; T2 = 11
44 : t3 = 8 t6 =6 t10 = 6
>se order : 10 - 6 - 3; T4 = 14

2r bound : max (10,14) = 14.

{1I4l
tenti

{M
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e note that calculating the le he longest

he three cases above would hawv lower bou

1 and 12 respectively.

ow we extend M* to all J10 = M4}. The b

ecome:

(1) Schedule 1 first.

L = 8 Q, = min (6,3,5) = 3
, = 10 Q, = min (0,2,4) =0
,=7 Q= min (2,4,3) = 2

= i3 Q, = min (0,0,0) =0

1

>wer bound: max (11,10,9,13) =

(2) Schedule 4 first.

L= 8 Ql = 3
) = 11 Q2 =0

}

wer bound: max (11,11,8,13)

(3) Schedule 7 first.
= 8 Q, = 3

wer bound: max (11,11,8,14)




this gives no increase he ainly due e small
cessing times following M

we use the last method t culate one bound.

edule 1 first. Then we ha

M2t =0 p, =3 ; = 6
ty, = 3 Py = 2 4 = 3
t, =3 p, =3 ; =5
MZ_' t2 = 3 P, = 2 5 = 4
t9 =7 Py = 2 5 = 2
€12 = 4 Pyp = 3 12 =0
Myt tg =5 pg =1 s =2
t8 = 6 Pg = 1 g = 4
t11 =0 Py = 4 11 = 3
1, + ty =5 Py =4 ; =0
tg =6 Pg = 2 . =0
€10 =2 Pig = 2 o =0
10w we have to solve thesc ¢ one mach: roblems.
1,: initial solution: 1 ; 3 -9 ¥
7 : y - 11
4 : 3 - 11

Starting at 0, processed , finished
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This solution is optimal by the remark preceding lemma
5.4.2.A.; Cmax = 11.
On M,: initial solution: 2 : 3 - 5 -9
12 : 5 -7 -7
9 : 7-9 -11

The same remark does not apply.

LB1 = max (9,11,7) = 11; LB2 =3+ 7+ 0 = 10.
So LB = max (11,10) = 11 and the solution is optimal,
being equal to the lower bound; CmaX = 11.

On M,: initial solution: 11 : 0 - 4 - 7

3
5:5-6-28
8 : 6 -7 -11
LB being 11, this solution is again optimal; Cmax = 11.

On M,: initial solution: 3 : 5 - 9 - 9
6 : 9 - 11 - 11
10 ¢ 11 - 13 - 13
Optimal by the same remark as on Ml; Cmax = 13.
So the bound on this branch is not further increased and remai
13.

The reader may well wonder if this complicated method ever lea
to significantly better solutions. There is, however, convinci
evidence for this. Attacking some old problems with this algor
Bratley, Florian and Robillard found an initial solution for o
of them that was better than the best previously known one; th
finally best solution they found was significantly better. We

must strike a somber note nevertheless, because optimality has
not been proved for the two problems mentioned above (resp. 5/
and 10/10 ones), leading the authors to express their belief

that "methods other than bounds must be used to further curtai

the tree search".
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we see the best here is by far not good enough yet, and this
nts even stronger for the implicit enumeration algorithm by
as [ 8 1.

as' algorithm boils down to resolve the disjunctive arcs
ristically and then gradually improve the so found feasible
ution by reversing one disjunctive arc at the time. It is

y to see that the only way to decrease the length of the
tical path is by reversing those arcs that are in the present
tical path C. At any stage we calculate the effect of

ersing any disjunctive arc in C, reverse the one that gives
greatest effect and fix the reversed arc temporarily. Thus
any stage we have a fixed set of arcs F; the longest path in
gfaph formed by N and CU F is obviously a lower bound and
can backtrack if the lower bound surpasses the present best
ution.

lo not pay any more attention to this algorithm, because it
computationally very much inferior to the algorithm of

tley, Florian and Robillard treated above. Repeating the final
ark of the latter authors, we can only stress that, despite
2ant advances, present branch-and-bound methods are not likely

*)

solve satisfactorily the n|m|G|F__._ scheduling problem ' .

ax

We would like to point out here an interesting link between
resource-constrained project scheduling and the n|m|G|F
problem. In the former problem we can also use the
disjunctive graph model; we only have to check then if our
(partial) solution is resource-feasible. For details, see
Balas [10 ], Gorenstein [42 ] and also Schrage [107] for a
slightly different approach.

max




Scheduling in economic reality

1. Present situation

very regrettable aspect of this final chapter is that it is
)ving to be too short. Operations research is a section of
'thematics where researchers are typically concerned about the
'plicability of their work. Many an article has appeared where
€ main accent is on the development of a mathematical model
at can be'subjected to existing mathematical techniques,
stead of on the development of a technique itself. In view
- the fact that one feels that decisions regarding an optimal
quence of activities are certainly not rare ones, the lack
"cése studies" in scheduling is downright disappointing. As
r ago as 1961 Sisson [92 I wrote: "I have "heard" of several
tual applications of sequencing theory to several actual cases
ring the past year, but no results have been announced. (...)
is hoped that the use of sequencing theory in an operating
tuation will be described soon ...". Nonetheless, the situation
s not changed much in the meanwhile. A small number of
uristically solved problems has been reported (e.g. Burstall
0 ]), but Sisson's wish has hardly been fulfilled. This

rious phenomenon deserves some more attention.

think there are three sides to the explanation of the apparent
ck of applicability of machine scheduling theory.

the first place we can again quote Pounds [ 80 ]: "The job-

op scheduling problem is not recognized by most factory
nedulers, because for them, in most cases, no scheduling

dblem exists. That is, there is no scheduling problem for them,
cause the organization which surrounds the schedulers reacts
protect them from strongly interdependent sequencing decisions
.) . Computationally difficult scheduling problems do not arise,
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ause those constraints that would create them, are removed

n they become active". If Pounds is correct here, a great deal
been explained already. In fact, it is fairly plausible that
ssure on organizations to work with optimal schedules is

rly low, that due-dates are set with a wide safety margin

that all kinds of mechanisms exist that can cope with the
leasant consequences of a bad schedule. Even so, one can

11 hope that, once a theoretically derived schedule is

2fully and successfully implemented, management will become

= aware of the possibilities that lie ahead. Or will they?

trying to. answer that question, we arrive at the second

act that we want to mention here. Suppose a real-life machine
2aduling problem has been isolated and can be solved purely
theory. Will existing theory be of any help? There are several
sons to at least doubt this, and one of them can be found
2.2., where all the restrictive assumptions are mentioned

t we often find in scheduling theory. One does not need a

at deal of business experience to see that most of these
umptions are patently unrealistic. To mention but a few
ticisms: in general jobs will not be available at the same

2, nor will they be of equal importance (all customers are
al, but some are probably more equal than others). Also, in
aral jobs will just have to be ready on a fixed date; and
1ines too are likely not to be continuously available, since,
instance, they may very well break down. Technologically
aking, it is highly unrealistic that each job passes all
1ines, and each machine only once; equally unrealistic is
assumption that lap-phasing, assembly or job-splitting

10t occur. And perhaps the most improbable assumption of all
the determinate nature of the problem: in economic reality

re are always risks and uncertainties that will spoil the

atiful theory.




Put like this, things look very bleak indeed. Are all these
objections, valid as they may be, really that serious? In general,
we are rather optimistic on this point. Several of the objections
can be incorporated in the model: we can attach weights to the
jobs that indicate their relative importance, we can even assume
£here are precedence constraints among them, we can set due-dates
dk and introduce release-dates Ty - The disjunctive graph model

is more flexible than we have presented it; it can easily
incorporate assembly operations and jobs that only pass a subset
of the machines or pass a machine twice or more. Also we have
seen that job splitting sometimes even simplifies the solution.
With regards to variation in the processing times, Conway,
Maxwell and Miller [ 24 ] report that optimal solutions of machine
scheduling problems are fairly insensitive to changes in Pryg-
Most important: when a situation is theoretically under control,
sudden emergencies such as high priority jobs or breakdowns need

not worry us too much.

Now it cannot be denied that for a certain type of organisation
the assumption about a fixed set of jobs is possibly too
unrealistic; jobs arrive continuously and our static theory can

indeed be of little use.

Fortunately, however, we can refer here to a growing theory on
queues, waiting lines, etc:, while concluding at the same time
that the deterministic theory will be mainly applicable to often
recurring routine processes. Nevertheless, artificial though the
model may be, we do not think that it can only serve as an object
of mathematical "Spielerei". Falling back on our first point,
practical experience will determine if the model has to be
adapted so strongly that present theory would be worthless;
again, we are fairly optimistic about the outcome. It remains
disturbing all the same that of known applications most have
been of the heuristic kind. Perhaps a partial explanation of

this can be found in our third aspect.
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first sight, this third aspect of the present theory will
iously hinder application: we refer to the unrealistic

imality criteria. Not unreasonable, Sisson [92 ]

nts out that "the ultimate desire is to optimize the objectives
a larger organization (e.g., profits). This requires knowing
the specific situation relates to the whole, knowledge which
do not have. Thus, for research purposes, one optimizes a

ser criterion chosen in some reasonable way". We know the

ice most .researchers have made: Fmax is used by far the most
Juently, followed at a respectable distance by F, Zaka, Lmax’
nd Zaka.'

, knowing what to produce, the obvious optimality criterion
to minimize total opportunity cost, i.e. those (controllable)
ts that reflect our loss with regards to an ideal situation.
iving an expression for opportunity costs, Gupta [ 45 ] has
pared the performance of several criteria with regards to

s new one. He arrived at the disturbing result that in fact

< did worst of all and was only very rarely in accordance

h opportunity costs. However, at this point as well we are
ghtly more optimistic. We shall also derive an expression for
opportunity costs and indicate the relation with our present
of criteria (which. Gupta does not do). What are the sequence-

endent components of opportunity cost?

only have to include those costs if we have sequence-dependent

at M,. If not, total

-up times c 9

5% 2 when Jj precedes Jk

rations cost will simply be equal to

s 2 X k2

re my is the machine cost per time unit. This obviously is a

uence-independent constant.
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2) In-process_inventory costs

1ese costs are caused by the fact that during the production
rocess, semi-finished jobs are waiting in the shop, representing

ied up capital that could have been used profitably elsewhere.

E return on investment is r, the raw material value of Jk is

< the sequence for J adds

x is {Mkl, ey Mkm} and machine Mz
) to the value of the product, then the total capital tied up

1 Jk during the production process is:

b, W + (b, + v, )W + ... + (b, + v + ... + Vv, )W ] =
k kk1 'k k1 kk2 k kl km kkm
Cr a0
lere c = r(b, + I o wv.).
k2 K x,9)
<(k,2)

Ippose now, that we can find a reasonably average value Bk, so

i rByWpg = TRy i L)

|
1at costs with regards to Jk are equal to
)y total costs are

rI B, (ZW,) (1)
X k g k2

') Penalty costs for late deliveries

‘ten due-dates dk will have been set, and if jobs are not
mpleted by then, penalty costs are incurred. These may be of
. administrative nature, they may be due to penalty clauses in

e contract or simply due to loss of goodwill.

e last factor induces us to assume a positive effect if jobs

e completed ahead of their due-date; something that may well
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appreciated by the customer. If we estimate the cost per
e unit after dk as e and the positive effect per time unit

ore d, as £ the total cost will be

k k'

z(e - £

T E ).
X k7k k7k

ey and fk do not differ too much, we can both replace them

€y v and get

L (2)

X ek(Tk - Ek) €1 Ly

z
k k

Machine idle costs

iously, machines standing idle cause a loss to the organizat
ce they could have performed other useful work during

t period. If Ikz is the time MQ has to wait for Jk, In+1,£
resents the time between the finish of last job on Mz and
completion date of all jobs and Py represents the net loss

Mz per time-unit, we have for total costs

I p, (Z I,,) (3)
3 2 X k2
re the last summation is taken over k =1, ..., n+l.

ing (1), (2) and (3) together (and therefore assuming
uence-independent set-up costs) we get for total opportunity
£t OC:

OC =r I Bk(Z sz) + I EkLk + I pg(Z I

)
K I3 K g Xk kb

re r, Bk’ €1 and p, are known constants.

, Wwe have:




t0

I W =F, -Ip

Iy k2 k 2 k2
Ly = Fp - 4

LI = F -Ip

n k& max n k2

L= I(r By *+ ek)Fk + (I Po)Fnax ~
' L

I (r B, - p,)p - I ed.,
X, 9 k L7Fk4 X k~k
), disregarding the last two (sequence-independent) constants,

id putting a: = r Bk + €t a* = X Por we would have to minimize
L

* *
z aka + a Fmax

wiously, this criterion appears nowhere in theory. However,
th existing methods we can probably get a reasonable
proximation by first solving according to Fm ; next we solve

ax
:cording to

% * * *
k TO)F o g Fr f e+ aF

ere Jk is the“Job that finished last in the Fmax

timal schedule.

even here things are not as bleak as they looked. What, then,
n we predict about the future of scheduling?

2. Future developments

rst, and most obviously, there remains a lot of theoretical

rk to be done. Gaps in existing theory have been pointed out




141

quently in this report; there is no need to repeat them here
we look at progress made already, we may expect interesting
developments during the coming years. For - and this is a
ond point - mathematical interest in the scheduling problem
ms to be growing; many articles appear, many researchers are
erested, because basically scheduling problems are intriguin

llenging and fun to work at.

re is a dangerous side to all this mathematical activity: as
penéd in 'game theory, reality may move further and further
Y. So one can only hopefully repeat Sisson's wish for
lications. to be made and reported. Surely one of the many
as, where the machine scheduling model seems appropriate,
provide a good start?

would nevertheless not be surprised if, for the years to
e, good heuristic methods remain of the utmost importance.
aver, in the long run, nothing is as practical as a good
ory. If this report can contribute at all to inspire new

ctical-theoretical work, it has more than served its purpose
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